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Quadratic Equations

Quadratic Polynomial:
y=ax’+bx+c;az0
a = leading coefficient

b = coefficient of linear term
c = absolute term
y=f(x) =ax2+ bx+c
In case
a=0,b=z0 = y = bx + c is linear polynomial
a=c=0,b=0 = y = bx is odd linear polynomial

Cubic Polynomial:
y=ax3+bx?2+cx+d;az0
a = leading coefficient

d = absolute term
ax?+ bx+c=0

Roots of quadratic equation: Sum of roots = 3
y=ax?+bx+c=0

—b ++/b? — 4ac Product of roots =
X= ——*— =
2a

Where D = b? — 4ac is called discriminant.

»|o

D = b? - 4ac

Different graphs of Quadratic Expression:
(i) Graphofy=ax?+bx+c;(a#0,a,b,c cR)
whena>0,D<0

a>0 = Mouth facing upward
D < 0 = Parabola neither touch nor cut
x— axis (no real root)

y>0,V xeR
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© Ploty=x2+2x+2

A. y=x2+2x+2=(x+1)?2+1 y 4
D=22-8=-4<0
Parabola
For x = =1, y is minimum
2
1
!
-1 0 X
0 1 2 3 4 -1 -2 -3 -4 -5 00 -0
2 5 10 17 26 1 2 5 10 17 00 00
(ii) Graphofy=ax?+bx+c;(a0,a,b,c,c Rywhena>0,D=0
a>0 = Mouth facing upward,
D = 0 = Parabola touches the x-axis
(real and equal root)
y = 0 for only one value of x (root)
y >0,V xe R - {root} X
Q. Ploty =x> - 4x + 4
A, y=x-4x+4=(x-2) y
a>o0
D=0=y=20,xeR \ D=0
Leading coefficient > 0 (0.4)
- o 1 2 3 4 5 6 -1 -2 oo -
- 4 1 0 1 4 9 16 9 16 00 00
T X
(2,0)




(iii) Graphofy=ax>+ bx+c; (a=0,a, b, c € R)
whena>0and D >0

a>0 = Mouth facing upward parabola.
D > 0 = Parabola cuts the x-axis at 2

distinct points (two distinct real roots) \_/ >X

Q. Ploty = x2 - 3x + 2

A. D=3-4@2=1>0

.012343/2 0 —00
.20026—1/40000 \

y>0 = xe (= o,1) U(2, =)
y<0 = xe (1,2)

2
5 | X
y=0=xe {1,2} 1\_/2

(iv) Graph ofy=ax®>+ bx+c; (a#0,a,b,c € R)
whena<0and D<O0

a<0 = Mouth facing downward
D <0 = No real root
y<0,VxeR

~ Ploty=-x2-2x-2
A, y=-Kx+12-1 Ya
D<O X

Leading coefficient < 0




(v) Graphofy=ax?+bx+c;(a#0,a,b,c cR)

whena<0and D=0

a< 0 = Mouth facing downward
D = 0 = Equalroots, i.e., parabola touches x-axis
y<0,vVxeR

' Ploty=-x*+4x-4

Ao == (X - 2)2

D=0

Leading coefficient < 0

. 0 1 2 3 4 -1 o0 -
-—4 —1 0O -1 -4 -9 -0 -

(vi) Graphofy=ax>+bx+c;(a*0,a,b,c c R)
whena<0and D >0

a <0 = Mouth facing downward

D > 0 = Two distinct real roots parabola
cuts x— axis at two distinct points

 Ploty=-x2+3x-2
A. =-x=-1(xx-2)
D>0

Leading coefficient < 0

yl\

/\ x
0 1 2
2 \



Co-ordinate of vertex:
y=ax2+bx+c(a#0,a,b,c cR)

b

X= ——
2a
__b
y 4a

Nature of roots
y=ax’+bx+c,(a#0,a,b,c cR)

D > 0 < roots are real and distinct (unequal)

D = 0 < roots are real and coincident (equal)

D < 0 < roots are imaginary

Ay
0 %
b5
2a 4a
Know the facts >

If p + iq is one root of a quadratic
equation then the other root must
be the conjugate p - iq and vice
versa (p, g € Randi= 1)
provided coefficients are real.

Point to Remember!!!

Nature of roots

Consider the quadratic equation

ax? + bx + ¢ = 0, where a, b, c e Q

and a # 0 then

(i) IfDis perfect square, then roots
are rational.

(i) If o= |O+\/a is one root in this

case (where p is rational and
\/a is a surd) then other root

will be p—./q -

Quadratic Equations



Quadratic Equations

Both the roots of the equation (x - b) (x —c)+ (x —c) (x —a)+ (x—-a)(x—b) =0
are always
(A) Positive (B) Negative (C) Real (D) None of these

©)

Given equation is

3x2-2(@+b+tc)x+ (@ +bc+ca)=0

Now D =4 (a+ b + c)>-4 x 3 (ab + bc + ca)
=2{@@-b)*+(b-c)+(c-a)}

Clearly, D = 0 = both roots are always real.

The number of real solutions of the equation [x|? = 3|x| + 2 =0 is

(A) 4 (B) 1 © 3 (D) 2
(R)
Let [x| =t f(x)
.. given equation is t2-3t+2=0
t-N@t-2)=0 b c d

XV

t=1, t=2 f f f
x| =1, Ix| =2 a
x=z1 , XxX=x2

Let f(x) be a quadratic expression which is positive for all real values of x.
If g(x) = f(x) + f’(x) + f”(x) then for any real x :

(A) g(x) <0 (B) g(x) >0 (C)gx) =0 (D) g(x) 2 0
(B)

Letf(x) =ax?*+ bx+c (a#0,a,b,ceR)

Also, f(x) >0V x € R = a>0andD<O0

Hence b? - 4ac < 0 ...(0)

Now g(x) = (ax? + bx + c) + (2ax + b) + 2a = ax®> + (b + 2a)x + (b + c + 2a)
D=(b+2a)?-4a(b+c+2a)
= b? + 4a2% + 4ab - 4ab - 4ac - 8a?
= b? - 4a% - 4ac
= (b? - 4ac) - 4a? < 0 {from (i)}
Hence for g(x); D<0,a>0
= gx)>0,V xe R

Let o, B be the roots of the equation (x — a) (x — b) = ¢, ¢ # 0. Then the roots of
the equation (x - a) (x - B)+c =0 are

(A) a, c (B) b, c (©) a,b (D)a+c,b+c

©

As a, B are roots of equation (x — a) (x - b) — ¢ =0

hence (x —a)(x—b)—-c=x-a) (x - B)

S>x-ax-b=xx-a)(x-B)+c

Clearly, roots of equation (x —a) (x = B) +c=0are a, b



If a < b <c<dthen the roots of the equation
(x-2a)(x—-c)+ 2(x — b) (x — d) =0 are real and distinct

True

Letf(x) =(x—a)(x—c)+2(x — b) (x = d)

Now f(a) =2(a-b)(a-d)>0
f(lb)=(b-a)(b-c)<0
fc)=2(c-b)(c-d)<0
f(d)=(d-2a)(d-c)>0

Also, graph of f(x) is upward parabola.

Clearly, both roots of f(x) = 0 are real and distinct.

The number of points of intersection of two curves y = 2sinx and
y =5x2+2x + 3 is

(A)O (B) 1 € 2 (D) o
A

y=5x2+2x+ 3

D=22-4(5)3)=-56<0

a=5>0=y>0V xeR

Vertex _—b£ = _—1E
2a 4a 5 5

Clearly,y =5x2+2x + 3 > % and y = 2sinx £ 2
Hence, both curves do not intersect at any point.

For all x; x> + 2ax + 10 — 3a > 0 then interval in which a lies is:
(A)a< -5 (B)-5<ax<?2 (C)a>5 (D)2<ax<5

B

D<O

(2a)> -4 (10 -3a)< 0
4(@>-10+3a)<0
a’?+5a-2a-10<0
a(@+5)-2@@+5)<0
@-2)(@+5)<0

= ae (-5,2)

If b > a then the equation (x — a) (x- b) =1 =0 has
(A) Both roots in (a, b)
(B) Both roots in (- <, a)

(C) both roots in (b, «)
(D) one root in (- «,a) and the other in (b, =)

Quadratic Equations



Quadratic Equations

D
Letf(x) =(x—a) (x —b) -1
Now f(a) = - 1
f(b) = -1
As f(x) is a upward parabola i |

Clearly, f(x) = 0 have one root in (-0, a) and ! !
other in (b, =)

If a, b, c € odd integers then prove that ax? + bx + ¢ = 0 can’t have
rational roots.

Let D = b2 — 4ac = m? (m e odd integer)

= b? - m? = 4ac

= (2k, +1)> - (2k+1)*> = 4ac

= (2k, + 2k + 2) (2k, — 2k) = 4ac

=4 (k, + k+1) (k, - k) = 4ac

Clearly, LHS is multiple of 8 while RHS is not a multiple of 8

hence, D cannot be m?2, so roots cannot be rational.

Prove that x® — 24x” — 18x° + 39x2 + 1155 = 0 doesn’t have integral roots.
(x® + 39x?) — 6(4x7 + 3x5) +1155 = 0 (D)

For x € |

x8 + 39x2 = even

6(4x" + 3x%) = even

. equation (i) cannot be true.

If the equation sin*x — (K+2) sin?x — (K+3) = 0 has a solution then K
must lie in the interval
(A) (-4, -2) (B) [-3, 2) (C) (-4, -3) (D) [-3, -2]

D

(K+2)£(K+2) +4(K+3)
2

(K+2) /(K> + 8K +16

2

sin?x =

(K+2)£(K+4)
2
=K+3,-1
Clearly sin?x # — 1 hence the equation to have a solution sin?x = K + 3
0 < K+3<1

-3<Ks -2




If a, b € R, a# 0 and the quadratic equation ax? — bx + 1 = 0 has imaginary
roots then a + b+ 1 is

(A) Positive (B) Negative

(C) zero (D) Depends on sign of b

A

. roots are imaginary of given equation.

. D<0= b2-4a<0 f(x)

Now let f(x) = ax® — bx + 1

for which D <0, f(0)=1>0

Hence graph of f(x) is

= f(x)>0 Vxe R
f(-1)>0 x)
a+b+1>0

Multiple Objective Type
The graph of the quadratic polynomial; y = ax? + bx + ¢ is as shown in the

figure then:
(A) b2 — 4ac >0 (B)b <0 (C)a>0 (D)c<O
ABCD
-+ Graph cuts x —axis at two distinct point +Y
D>0 = b?-4ac>0
Graph is upward parabola
= a>0
Graph cuts negative y— axis
= f(0)=c<O0
Also, vertex lies in IV quadrant
= _—b >0 >
2a \ X
= 3 <0
2a
= b<o0
Relation between roots and coefficient of quadratic equation
ax?’+ bx+c=0;a#0,a,b,ceR
S ax?+bx+c=a(x- o) Xx-p)=0 Know the facts >
:>0c+[3:iandoc[3:E b c
a a x2+(—jx+(—)=(x—a)(x— )
a a

Quadratic Equations



Quadratic Equations

Formation of quadratic equation
x?— (sum of roots)x + (product of roots) = 0

Form a quadratic equation with rational coefficients whose one root is tan75°

- one root O =tan 75° = 2 + /3
. other root B =2 — /3 as coefficients are rational.
Now o+ B =4, ap = 2° —(\/5)2 =1 required equation is
x?-(oo+ B)x+ af =0

x> -4x+1=0

Form a quadratic equation with rational coefficients whose one root is cos 36°

(1+\/§)
* one root O = cos 36° = T
(1-Y5)

as coefficients are rational

2
1 ?-(V5) 4
Now OC+[3=—, a[j:—z__
2 16 4

. other root B =

Required equation is:
x> = (o+ B)x+ of =0
—tx-1_g
2 4

= 4x°- 2x-1=0

Form a quadratic equation with rational coefficients whose one root is tan 5

- one root o = tangz(—1)+\/§
-. other root B = (—1) —\/5 as coefficient are rational
Now a+fB = - 2, oq3=(_1)2 _(\/E)2 =1
Required equation is:
x* —(0(+B)X+OL[3=O

x2+2x-1=0

10.



If a,B are the roots of the quadratic equation x2 — 2x + 5 = 0 then form a
quadratic equation whose roots are o® + o’ — o +22 and B’ +48° - 7B+ 35

o’ -200+5=0, B*-2B+5=0
o + 0’ —0+22= (0 —20+5)(a+3)+7=7
B> +4p* —7B+35= (B’ - 2B +5)(B+6)+5=5

- equation with roots 7, 5is x2 - 12x + 35 =0

x> — 17x - 6 = 0, has roots o and B. Let a = o' +B"* find the value of
A ~ 63‘8

3y

a,—6a, = (oc12 +BB)—6(OL1O +[36)
= (oc12 - 60(10) + (B8 - 6[36)
a,—6a, =a" (oc2 - 6) +B° (32 - 6) (D)
o’ -1700-6=0= o’ -6 =170
Similarly, B* -6 =178
From (i) a,, — 6a, = &’ (17a) + B° (17B)
= 17(a" +p) =173,

a,, —6a,
Ay

Hence =17

x> —ax+b=0,a,p areits roots. V. = a" + " then show that

Vn+1 = a'Vn_ b Vn—

;
o’ —ao+b=0
Multiply by o™ then a™' = aa" —bo™ .. (i)
Similarly ™' = ap" — bp™" .. (i)
(i) + (i)
((xn+1 + Bn+1) _ a((xn + Bn) _ b(O(rH + an1)
Vi =aV, — b Vi

1.
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>0

>0

Find monic cubic polynomial with f(1) =1, f(2) =4, f(3) = 9

f(1) = 12, f(2) = 22, f(3) = 32
Then cubicis f(x) = (x = 1) (x = 2) (x = 3) + x?

Solve (x = 7) (x = 3) (x + 5) (x + 1) = 1680

x=T7)(x+5)(x-3)(x+1) =1680
(x?2 — 2x = 35) (x> - 2x — 3) = 1680
Letx?-2x -3 =0

Then (o —32)0 = 1680
a? - 320 - 1680 = 0

(0 = 60) (a+28)=0
a—-60=0,00+28=0

X2 -2x-63=0 X2 -2x+25=0
x-99x+7)=0 D<O
=-709

Solve (5+26 )3 +(5-2V6 )3 ~10

(5+26)(5-2V6) =1

S (5+2\/§)X _3=;x2—3 =t(let)
(5-2v6)
Nowequationt+%=10 => t2-10t+1=0

+
t=10—T \'96=5i2\/€
t=5+26 ,

(5+ 2\/6)%_3 = (5+2V6),(5+ 2\/€)X2_3 = (5+2V6)

x2-3=1 x2-3=-1
XxX=z2, x=i\/§
x = {+V2, + 2}

12.



Inequalities

Rule:

1. Adding positive number both sides inequality remains same.
Ex. 2>1 = 3>2

2. Subtracting both sides by positive number inequality remains same.
Ex. 2>1= 1>0

3. Multiply and divide by positive number doesn’t affect inequality but
multiplying or dividing inequality with negative number changes sign of
inequality.

Ex. 4>2 = -2<-1

Type - 1: Expression which can not be factorized

X2+x+1>0

"D=1-4(1)1)<O0 and a=1>0
X2+ Xx+1>0, VxeR
*XeR

x> -3x+4<0

D=(-3)2-4(1)@4)<o0 and a=1>0
x>-3x+4>0,VxeR

X e d
3. 3x2-7x+6>0
Sol. D = (-7)?2 - 4(3)(6) <0 and a=3>0

L3 -T7x+6>0,VxeR
*XeR

4. -x2-2x-4>0

Sol. D = (-2)2- 4 (-1) (-4) <0 and a=-1<0
So=X2=-2x-4<0, VxeR
“xXed

Quadratic Equations
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Type-2: Expression which can be factorized:

Steps:

(i) Factorize in linear as much as possible.

(ii) Make coefficient of x as 1 in all linear by multiplying and dividing by
appropriate number.

(iii) Mark zeroes of linear on number line.

(iv) Give sign to respective area on number line.

(1-x) (4 +2x) (x-2) (x=7)>0
X=D2x+2) (x-2) (x-7)<0

X=NKxX+2)x-2) x=7)<0
xe (-2, v (2,7

x2=x-6)(x>+6x)>0

(x=3)(x+2)x(x+86)>0
X e (-—o0,-6)U(-2,0) U (3, x)

xX+1) (x=-3)(x-2)3(x+7/3)<0
X+ X=-3)(x-2)(x+7/3) <0

Xe(—g,—1)u(2,3)

Type - 3:

(x2-5x+6)(x2-6x+5)<0
(x=2) (x= 3)x-N(x-5) <0
x e [1,2] U [3, 5]

2—-x—x%> 20

x2+x-2<0
x+2)x-1N<0
x e [-2, 1]

14.



3X2-T7x+4 >0

3x2-3x-4x+4 >0

Xx- 1N-4(x-1=0
Bx-4)x-1=0
4

SESEN

Type-4: Repeated Linear factor

Rules:

(i) Factors with even power doesn’t affect sign.
(ii) Factors with odd power affect sign as linear.

X+ x-3)x=-2)2>0

X € (=0, -1 U (3, o) +

W

X(X+6)(x+2)2(x-3)>0

xe(-6,-2)U(-2,0) U (3, =) — +

x=-1D2x+1°x-4)<0

xe(=1,10u (@4 +

Type-5: Rational Inequality

(x—=1)(x-2)(x-3) -
(x—4)(x-5) 0

X € (==, U (2,3)U(4,5) = +

2x — 3
3Xx—-7

<0

2(x-3/2)
3(x—7/3)

(x-=3/2) . Xe(s 7J

(x-7/3)

N w

w|~N

15.
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> ©

x? —5x +12
A
X°—4x+5

For x2 — 4x +5

D =16 - 4(5) < 0, a =1> 0 = always positive
Hence By cross multiplication

x2 — B5x +12 > 3x2 - 12x + 15

2x2 - 7x+3<0=>2x2-6x-x+3<0

2x -1 (x-3)<0

X e (1,3)
2

x> —5x+6
R A S

3 0
X +x+1

For x> + x +1
D=1-411<0,
Hence given inequality reduces to x2 - 5x + 6 < 0
x-2)(x-3)<0

X e (2, 3)

N | w

w| N

a> 0 = always positive.

16.



(x — 1)2 (x + 'I)3

<0
x*(x=2)
xe(-1,0U (O,1)U(,?2) +
-1
X +1 2x+5
Xx=1 x+1

X+1 x+5 S

x-1 x+1_
(x+1)" = (x =1)(x +5) .
(x=1)(x+1) a

(x2+2x+1)—(x2+4x—5)>0
- (x— 1) (x +1) -
- —-2X +6

(x=1)(x+1)

N -2(x-3) -

(x=1)(x+1)

(-3) |

(x=1)(x+1)

X € (o0, =1) U (1,3]

2(x—4) .1
(x=1(x=-7) (x-2)

2(x—4) 1

(x=1)(x-7) (x-2)

2(x—4)(x—2)—(x—1)(x—7)>0
(x=1)(x-7)(x-2) B

2
- X 4x + 9 >0

(x—1)(x—7)(x—2)
Consider (x* — 4x +9):
D=16-4(9)<0,a=1>0 = Always positive.
Hence inequality becomes

L >
(x=1)(x=7)(x-2) =0

x e (1,2) U (7, o)

17.
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2

X" +6x—-7 <0
x + 4|

Clearly [x+ 4| >0,Vxe R-{-4} + - ¥

Hence the inequality becomes
x> +6x-7<0,x# -4

(x+7)(x—-1)<0,x = —4
x e (-7, 1) - {-4}

(x+1)(x-3)

(x-2)

(X+1)(X—3)>O — + _ +
(x —2) - -1 2 3 X

X e [-1,2) U [3, )

Lety= . Find the real values of x for which y takes real values.

y to be real

2X >1

Find the set of all x for which E >
2X“+5x+2 x+1

3 2 _ =0 + - + - +
2X° +5x+2 x+1 D) 1 2 -1 X

2x (x +1) = (2x* + 5x + 2) o
(2x* +5x +2)(x+1)

(3x+2) -
T2 (x+2)(x 1)

X e (—2,-1)%‘—2 ij

3’2

Solve |x2+4x+3|+2x+5=0

Consider x* +4x+3 =(x+1)(x + 3) d—

Case-I:

Let X* +4x+320 = Xxe& (—e0,—3]U[-1,0)

So, given equation becomes x2 + 4x+ 3 +2x+5=0
x?2+6x+8=0

x+2)(x+4)=0

=X =-2, X =-4 but x € (-o0, =3] U [-1, o)
= X=-4 ...(0)

18.



>

Case- Il:
Let x> +4x+3<0 = xe (-3,-1)

then equation becomes —(x* +4x+3)+2x+5=0

—2%y4+4(2) V4+4(2)=_1+\/§

2

X =

x=-1+/3 , x=-1-+/3 but xe (-3,-1)

= x=(—1—\/§) ...(i)
Now, (i) U (ii)

So, x = {—4,—1—J§}

(x* +3x+1)(x* +3x-3) 25

Let x> +3x =0
(a+1)(0c—3)—520=>(x2—20c—820
— (-4 (@ +2)20

= (X’ +3x-4)(X* +3x+2) 20

>+ X-DX+T)X+2)=20
X € (=00, =4] U [-2, =1] U [1, =)

2
3x —7x+8S

1<
x% +1

2

x> +1>0VxeR

.. given inequality is
X2 +1<3x° —7x+8<2x> +2

=x2+1<3x* -7x+8 and
2% —7x+7>0 and
2% —7x+7>0 and

(For 2x>-7x+7>0; D < 0,a>0)
. Xe RN xe[1,6]
x € [1, 6]

X2 —TX+8<2x* +2
x> —7x+6<0

(x-1)(x-6)<0

19.




Quadratic Equations

Find the set of values of ‘a’ for which the quadratic polynomials
(i) (a+4)x*-2ax+2a-6<0, VxeR

(i) (@a-Nx*—(a+1)x+(a+1)>0, VxeR

(i) Case-l: a+4=20
D<O and (a+4)<0
42’ -4(a+4)2(a-3)<0 and a< -4
a’-2(a’+a-12)<0
a’+2a-24>0
(a+6)@a-4)>0
a e (-0, =6) U (4, )
Also,a< -4
Hence a € (-, —-06) ...(i)

Case-ll:a+4=0=a=-4

then given inequality becomes
(0)x* +8x—14<0, V/xeR

Which is not possible = a € ¢ ...(i)
(i) U (ii)
ae (-, —6)

(ii) case-l: a-1=20
thenD<0 and a-1>0
@+1)?-4@-N@+1)<0and a>1
@+NN{@+1)-4@-10}t<o0
@+1)(B-3a)<0
(@a+1)@Ba-5)>0

ae (-oo,-1)u(§,oo]

Also,a>1 .. ae (g, oo] 0

Case=ll:a-1=0 = a=1
given inequality becomes
O)x?-2x+2>0,VxeR
which is not possible > a e ¢ ..(ii)

(i) U (iii)

5
L ae| =,
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Find the least integer value of ‘m’ for which the angle between the two vectors
v, = xzf—4j+(3m+1)k and v, =mi —xj+k is acute for every x € R

If there is the acute angle between Vv, and V, then V,.v, >0
mx2+4x+@Bm+1) >0 VxeR
Case-lI: Ifm=0
then D <0 and m >0
16 - 4m Bm +1) <0 and m > 0
4-3m?2-m<x<20 and m>0
3m2+m-4>0 and m >0
@BGm+4)(mM-1>0 and m >0
me [—w,%)u(tw) and m >0
. m e (1, ) . (i)
Case-Il: Ifm=0
then given inequality become
O)x?+4x+1>0,VxeR
which is not possible
hence m cannot be zero => m € ¢ ... (ii)

(i) U (i)

~m e (1, )

The set of values of ‘@’ for which the inequality (x-3a) (x—a-3) < 0 is satisfied
for all xe [1,3] is

) (%3} ®) (o%) ©) (-2, 0) (0) (-2, 3)

B
Let f(x) =(x — 3a) (x —a - 3)
f(x) <0,V x e[1, 3]

f(1) <0 and f(@3)<O0
(1-8a)(1-a-3)<0 and (3-3a)(83-a-3)<0
Ba-1N@+2)<0 and 3(@a-1a<0

ae (—2,%) and a € (0, 1)

a€ (T2'1/3) & ac€ |(0,1)

n
a€(0,1/3)
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TRUE / FALSE

(i) For given graph of y = ax? + bx + ¢ we have a > 0

False

Clearly, for downward parabola, a< 0

(ii) For given graph of y = ax?> + bx + ¢ we have ¢ > 0

True

Clearly, y-intercept >0 =>c¢ >0

(iii) For given graph of y = ax? + bx + ¢ we have D > 0

True

Distinct real roots = D > 0

o

(0,c)

b

.

22,



A. True (-b/2a, —-D/4a)

._—b>0=>—b>0

A. Flase

'c>0anda<0

A. True
—b>0:>9<0
a a
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For given graph of y = ax? + bx + ¢, we have 43 >0 y“
a

False

Ordinate of vertex = _b >0= b <0
4a 4a

Quadratic Equation ax® +bx+c =0 has no real roots then show

that c(a+b+c)>0

Let f(x) = ax? + bx + ¢

now given D = b2 — 4ac < 0 . roots of f(x) = 0 are imaginary
hence f(x) >0,V x € R or f(x) <0,VxeR

- f(0).(1) >0

c@+b+c)>0

Let a and b be the roots of equation x> — 10cx — 11d = 0 and those
of x>~10ax-11b=0 are c, d Then find the value of a + b + ¢ + d when
azb=zc=d.

a+b=10c ...(i)
and c + d =10a ...(i)
(i) + (i)

=a+b+c+d=10(+c) ...(iii)

(i)=(ii)
=@-c)+ (b -d)=10(c - a)
= (b -d)=1(c - a) ...>iv)

Now . a is root of first equation,

a2 -10ac - 1Md =0 ...(v)
Also, c is root of second equation,
c2-10ac -1b =0 ...(vi)

(vi)—(v) gives
c2-a?=1b -1d
(c-—a)(c+a)=1>Db-d)
(c-a)(c+a)=1x1(c - a) [from (iv)]
= (c +a) =121

Put in (iii)
a+b+c+d=10(121) = 1210



Let a, B be the roots of the equation x2 — px + r = 0 and %,QB be the roots

of the equation x*> —gx+r =0. then the value of r is

® < (P-a)(2a-p) ®) 5(a-p)(2p=q)
© %(q—2p)(2q—p) (D) %(2p—q)(2q—p)
D

X2 —px+r=0 ..01;
x> —gx+r=0 ..(2)

oa+p=p, of=r (from equation 1)
%+ 28=q (from equation 2)

3 2
(2p—q)=7OC = a=§(2p—q)

(2q—p)=3[3:>[3=%(2q—p)
now aff =r

hence %(Qp—q). (29-p)=r

1
3
If 2+iV3 is a root of the equation x2+px+q=0, where p and q are real then
(_4s 7)

If coefficients are real then complex roots are in conjugate pair
- roots 0. =2+i/3 and B=2-i3

a+fB=-p = p=-4
ap=q = q=(2) -(W3) =4+3=7
(p9 Q) = (_43 7)

If the product of real roots of the equation x> — 3kx +2e?°® —1=0 is 7, then
K=o

2

Product of roots = 2% —1=7

=>2k?=8=k=%2

but for k = -2, log k is not defined

Now, for k = 2 equationis xX*-6x+7=0 = D 2=0.
So, k=2
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Quadratic Equations

If X, y and z are real and different and u = x> + 4y” + 9z° — 6yz — 3zx — 2xy , then
u is always
(A) non-negative (B) Zero (C) non-positive (D) positive

A
u=x*+(2y) +(32) - (2y)(32) - (%) (32) - (2¥) (x)
u= %{(x —2y)* +(2y - 3z)° +(3z - X)Q}

u> 0 = u is positive as x, y, z are different.
X =6,y =3,z =2 for these values u =0

If one root is square of the other root of the equation x> +px+q=0 then the
relation between p and g is

(A) p* - (3p-1)a+q" =0 (B) p°-a(3p+1) +9* =0
(€ p*+q(3p-1)+9q* =0 (D) p° +q(3p+1)+q” =0
A

Let root o, o?

o+o’=-p, ao’=gq=0’=q
(oc+0c2)3 =(—p)3
= o’ +0a’ + 3.0’ (oc+0c2):—p3

3

=d+q +3q(-p)=-p
=p° - q(3p-1)+9*=0

The sum of the all the values of ‘m’ for which the roots x, andx, of the quadratic

equation x> — 2mx + m = 0 satisfy the condition x} +x; = x? +x2, is
3 9 5

A) — B) 1 C) — D) —

(A) i (B) (©) i (D) i

D
X, +3x2 :32m,2 x21x2 =m
Xy X =X+ X

S+ X)) = 3xx, (X + X)) = (X + X)? = 2X X,
= 8m3-3m(2m) = 4m? - 2m

= 8m3*-10m? + 2m =0

=2m@m? -5m +1) =0

=2m@m?-4m -m+1) =0
=s2m@dm -1 (m -1 =0

m=0,1,1 = sum =O+l+‘I=E
4 4
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If 0,B are the roots of the equation ax® +bx +c = 0 then the sum of the roots of
the equation ax> + (b2 _Qac)x +(b2 —4ac) =0 in terms of & and B is given by

(A) —(Ot2 - BQ) (B) (o + [3)2 20  (C) o’B+Pa—4af (D) —(0(2 N Bz)

D
b
a
2 —
Sum of roots of second equation = - b 22ac
a

24
= (ot +B) +20p = —(a +5?)

If o and B are the roots of a(x2 - 1) +2bx = 0 then, which one of the following are

the roots of the same equation?

1 1 1 1 1 1
= = _ o+—,p+— — B===
(A) a+Boa-B  (B) 20t 5280 (©) BB 5 (D)a+QBB 0
B
Given equation ax®> +2bx-a =0
0c+[3=—2—b,oc[3=—1
a

(2a+%}+(2{3+é]:2(0c+[3)+a0(—;B=2(oc+B)—(oc+B)=oc+B

o

(20c+%j(2[3+&]:40([3+2+2+iB

=—-4+2+2-1=-1

If x=3++/5 then find the value of x* —12x® + 44x> — 48x + 17

x=3+/5=x-3=45
(x-3)'=5=x*-6x+4=0

Now, x* — 12x3 + 44x2 — 48x + 17
=(Xx2-6x+4)(x2-6x+4)+1
=0x0+1=1
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Quadratic Equations

If p(g = Nx2+ q(r — p)x + r(p — g) = 0 has equal roots. Show that 2_ l+1

q p r
Clearly x =1 satisfies the given eq" then other root is also 1
Now, Product of roots = 1= M
p(g-r)
p( -1 =r(p - q) — pg - pr=pr-aqr
= 2pr =pqg+qr
divide by pqr
2_1,1
q r p

]
If x* +— =14; x>0 then
X

(A) x*+x°%=62 (B) x*’+x°=52 (C) x>+x°=624 (D) x°+x° =724

BD
12
(x+—} =x’+—+2=16
X X
1 .
:}(x+—}=4 (- x>0)
X
1 1 1
x3+—3=(x+—} —3(x+—]
X X X
= 64 — 3(4) = 52

now 5o 1 [ )2 1 1
X=X +— || X+ — || X+ =
X X X X

=52 x14 - 4 =724

If /,m are real { #m then the roots of the equation

(6-m)x*-=5(¢+m)x-2(£{-m)=0 are

(A) Real and equal (B) Complex
(C) Real and unequal (D) None of these
(o4

D=25(¢+m) +4(¢-m).2(¢-m)
=25(£+m)’ +8({-m)’ >0

*. roots real and unequal
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Let a, b, ¢ be real numbers with a#0 and let o be the roots of the

equations ax® +bx +c = 0. Express the roots of a’x*> +abcx +c¢® =0 in terms

of o,B.

oc+B=_—b, ocB=E
a a

for second equation

Sum of roots = — ab: = —b—f = (—E](E]= (o +B).0B = o’p+ B ...(i)
a a a

a3

C3 C ’ _ 3 2 2 ..
Product of roots = —=|=| =(aB) =a’p . of (i)
a
Clearly from (i) and (ii)

roots are o’B,of’

If o and B are the roots of x> +px+qg=0 and Y,0 are the roots of

x> +rx+s =0 then evaluate (a-y) (B-7) (a-8) (B-8) in terms of p, g, r and s.

at+p=-p, ap =q
y+d=-r, Yo =s

now (a-y) (B-v) (a-3) (B-9)
=(043—(a+5)y+y2)(aﬁ—(a+5)5+52)
=(q+py+72)(q+p6+62)
=@+py-s-ry)(Q+pd-s-rd)
={@-s)+@-nNy{a-s)+(-ns
=(a-s) -r(p-r)(a-s)+s(p-r)

Identity:

Know the facts >

If ax? + bx + ¢ = 0 is identity, then number of

S 3 distinct real roots of quadratic
roots are infinite anda=b=c =0

= Infinite roots
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Quadratic Equations

Find the value of p for which the equation
(P+2)(p-1)x*+(p-1) (2 +1)+x(p* =1) =0 has infinite roots.

It must be an identity
hence(p+2)(p-1)=0 and (p-1)(2p+1) =0 & (p*=1)=0

p=-2,1and p=1,—% and p =1, -1
*. common value is p =1

Let a, b, c be different real numbers then prove that

(x—a)(x—b)+(x—b)(x—c)+(x—c)(x—a)
(c—a)(c-b) (a-b)(a-c) (b-c)(b-a)

=1 is an identity.

(a-b)(a-c)
Put x=a O+ (a-b)(a-o) +0=1 true Point to Remember!!!
(i) Quadratic with one roots zero
b-c)(b-a =
putx =b O+O+w=1 true sl
(b-c)(b-a) ax?+bx+c=0
Product of roots =< =0
a
c-a)(c-b) =c=0
put x =c +0+0=1 true
c—a)(c—b) (ii) Quadratic with both roots zero
< b=0, c=0
- three values x = a,b,c satisfies above ax?+ bx+c=0
Sum of roots
two degree equation has 3 roots = Product of roots = 0
=>b=0,c=0

= It is an identity.

(iii) Quadratic with exactly one root
infinite
<a=0,b,c20

(iv) Quadratic with both roots
infinite < a=0,b=0,c#0

If (2p—q)x*+(p—1)x+5=0 has both roots infinite. Find p and g
2p-qgq=0 and p-1=0

q=2p p=1
hencep=1q9=2
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Symmetric function:

If (e, B) = f(B, ) V o, B
Then f(a, B) is called symmetric function
of a, B

Q, Check if f(a, I3) is symmetric or not

(i) f(a, B) = o’B + afp? (i) (o, ) = cos(a - B)
(iii) f(a, B) = sin(a - B) (iv) f(a, B) = (a* - B)
AL @) f(B, @) = p2a + pa?
= f(a, B) Yes
(ii) (B, a) = cos(B - )
= cos(a — B)
= f(a, B) Yes
(iii) f(B, a) =sin(p — a)
= —sin(a - B)
% f(a, B) No
(iv) f(B, o) = (B> - )
z02-f
# f(a, B) No

Condition of common roots:

(I) Condition for both roots common:
ax>+bx+c=0
ax’+bx+c,=0
a/fa, = b/b,= cc,

(1) Condition for one root common:
ac,—ac, _ b.c, -b,c,
ab,-ab, a, -ac,

Q. Find k for which equations x2-3x + 2 = 0 and 3x2 + 4kx + 2 = 0 have a
common root.

A e

. 4’ 4
xX2-3x+2=0=>Kxx-1)(x-2)=0
x=1,2

If x =1is common root then
3MN2+4k (M +2=0
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5+4k=0
= k=-5/4

If x = 2 is common root then
322+ 4k(2) +2=0
14 + 8k =0
= k=-7/4

Find p and q if px> + 5x + 2 = 0 and 3x? + 10x + g = 0 have both roots in
common

p_5_2
3 10 q
3
e =—, :4
P 5 q

Find the value of aand b ifx2 - 4x+5=0, x>+ ax + b = 0 have a common
root where a, b € R

xX2-4x+5=0
D=16-4(5) <0 = Imaginary roots.
Also, coefficients of second equation are real hence only one root cannot
be common
1 a b

1" 24 5
=a=-4,b=5
Let a, b, ¢ be distinct real numbers. If 4x’sin’0—(4sinf)x+1=0 and
a’(b> —c?)x* +b* (c* —a’)x+c*(a® —=b’) =0 have a common root and the
second equation has equal roots then find possible value of 9 where
e (0,m)
Clearly, x = 1 satisfies second equation

hence, second equation has both roots 1.
= 1is common root of both equations,

Now 4 (1) sin®0 — (4sin6)1+1=0
= (2sin6 — 1)2 =0
= 2sin6-1=0

= sinf =

= 0=

’

ola
ol
ov|;| N | =
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If the quadratic equation x> +bx+c=0 and x> +cx+b=0, b#c have a

common root then prove that their uncommon roots are roots of the
equation x> +x+bc =0

Let common root be o
x2 + bx + ¢ =0 (o, B are its roots)
x2+ cx + b =0 (a,yare its roots)
now oa+B=-b, af=c

a+y=-c, ay=>b
oo is common root

o’ +boa+c=0 (i)

—a’+coa+b=0 (i)

0+(b—c)oc+(c—b)=0=>(b—c)oc=(b—c):>oc=1

1B=c=>P=c
now uncommon roots
1y=b=vy=0b
required equation, x2-(b+c)x+bc=0
x2 - (-Dx+bc=0 {put a =1in (i)}
x2+x+bc=0 Hence proved.

x> +ax+12=0,x>+bx+15=0 and x*+(a+b)x+36=0 have a common

positive root. Find a, b & common root of equation.

Let o be the common root.

o’ +ao+12=0 (D)
o’ +ba+15=0 ..(ih)
o’ +(a+b)a+36=0 (i)

(i) + (ii) = (iii)

0°-9=0=0=3 (. a>0)
from (i): 9+3a+12=0=a=-7
from (ii): 94+3b+15=0=b =-8

If one root of quadratic equation x> — x +3a = 0 is double of one root of the
equation x> —x+a =0 then find a

x2 = x+a=0(a, pare its roots) =o02-oa+a=0 .. (D
x2—x+3a=0(2a, y are its roots) = 4a?-2a+3a=0 .. (i)
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(ii) = 4 x (i):

a
20-a=0 = o=—
2

. a a
from (i) ———=+a=0

4 2

=a’-2a+4a=0 =a(@a+2)=0

=a=0,-2

If  Q(x)=x>+(k-29)x-k
Q, (x) =2x* +(2k — 43) x +k
both are factors of a cubic polynomial then find k.

Q,(x) = 0 and Q,(x) = 0 have atleast one common root but both roots cannot
be common (.- coeff. are not in proportion)
hence
x2+(k-29x-k=0
2x2 + (2k — 43)x + k=0 have only one common root (let a)
a2+ (k=29a -k=0 ..(»)
202+ (2k = 43)a + k=0 ...(i)
(i) — 2 x (i)
150 + 3k =0 = « =_?k

from (i)

2 2

K _K 2% |, _,

25 5 5

= Ae 2%y — k=0, 30
25 5

If x>+ abx + ¢ = 0 & x2 + acx + b=0 have only one common root then show
that quadratic equation with roots as their other uncommon roots is a(b +
c)x? +(b + c)x —abc =0

Let common root = a
x2 + abx + ¢ = 0 (o, B are its roots)
x2+ acx + b = 0 (a, y are its roots)
now a + B=-ab, af =c

a+y=-ac,ay=Db

o is common root

o>+ aba+c=0 ..(i)
o?+aca +b=0 ...(ii)

(i) = (i)
1

O+a(b- ca+(c- b)=0= a(b-cla=(b-2c) :>oc=g
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—.Bp=c>P=ac
Now uncommon roots
.Y=b =y=ab

o=y

required equation x2 — a(b + ¢c)x + a?bc = 0

Ty - (b+c)x+abc =0 ...(ii)
a

put o . in (i)
a

i2+b+c=0 = l=—a(b+c)
a a

= a(b+c)x’*+(b+c)x—abc=0 Hence Proved.

A value of b for which the equations x> + bx — 1= 0, x?2 + x + b = 0 have one
Q° root in common, is

(A) —/2 (B) -3 ©) W5 (D) ~2
A. B
Let a be the common root then
o’ +bau—-1=0 ..()
o’ +o+b=0 .. (i)
(i) = (i)
(b-1o=(1+b)= a=%
from (ii) (sz +(MJ+ b=0
b-1 b-1

(b+1) +(b+1)(b-1)+b(b-1) =0
= (2b” +2b) + (b* - 20> +b) = 0
=Db*+3b=0
= b=0,i\/§i
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If the quadratic equations x> +ax+b =0 and x* +bx+a=0 (a#b) have a
common root, then the numerical value of a + b is ..........
-1
Let common root be o
x2 + ax + b =0 (a, B are its roots)
x2 + bx + a =0 (a, y are its roots)
now a+B=-a, af=b
oa+y=-b, ay=a
. o is common root
o?+aa+b=0 ..(i)
o>+ boa +a=0 ...(i)
(i) — (i)
O+(@a- ba+(bb-a)=0=@- ba=>@- b=a=1
put a =1in (i) gives.
at+b=-1

If every solution of the equation 3cos’x —cosx—1=0is a solution of the
equation acos’2x +bcos2x —1=0 . Then the value of (a + b) is equal to

(A) 5 (B) 9 (C) 13 (D) 14
C

-+ 3cos’X —1 = cosx

(3c032x - 1)2 = cos?x

- {3 (1+ cos2x) _1}2 1+ cos2x
2 2

(3cos2x +1)" 1+ cos2x
4 2

= 9c0s’2X + 6c082x + 1= 2(1+ cos2x)
= 9c0s’2X + 4c0s2x —1=0

from comparison of given equation, we get
a=9,b=4=a+b=13
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If x>+ 3x + 5 =0 and ax®> + bx + ¢ = 0 have common root/roots and a, b,
c € N then find minimum value of a+ b + c

x2+3x+5=0
D = 9 - 4(5) < 0 = imaginary roots also coefficient of equation are real
hence only one root cannot be common
.. both roots will be common
a b c

for minimuma=1,b=3,c=5
L (@+b+c),, =9

Determine the value of m for which the equation 3x?> + 4mx + 2 = 0 and
2x% — 3x =2 = 0 may have a common root.

2x* -3x-2=0= (2x+1)(x-2)=0 x=-—,2

1.
If x = -5 is common root, then

—8m+11=0:m=g

If x = 2 is common root, then

14+8m=0=;~m=—Z
{11 —7}
=>m=y—,—
8 4

For what value of a is the difference between the roots of the equation
(a—2)x* - (a-4)x-2=0 equal to 3?

Let roots a, B
4 -2

OHf)zz:z’a[")’:a—z

now |oc—[3|:3

:>(oc—B)2 =(oc+[3)2—4oc|3=9
(a-4) 8

= (a—2)2 +(a—2):9
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= 9(a-2)"-8(a-2)-(a-4)"=0
= 8a’-36a+36=0

= 4(2a°-9a+9)=0

= 2a’-6a-3a+9=0

= (2a-3)(a-3)=0

= a=%,a=3

Find all values of a for which the sum of the roots of the equation
x> —2a(x—-1)—1=0 is equal to the sum of squares of its roots.

x2 — 2ax + 2a - 1=0 (a, p are its roots)
o+P=2a af =2a-1

given o+B=a’+p’
oc+|3=(oc+|3)2—2a|3

2a=4a’-2(2a-1)
2a=4a’-4a+?2

42’ -6a+2=0
2a*-3a+1=0
(a-1)(@a-1=0

1

a=1—
2

e

For what values of ‘@’ equations x> +ax+1=0 and x> + x+a =0 have a root
in common.

Let o be the common root then
o’ +ac+1=0 (D)
o’ +a+a=0 . (i)
(i) = (ii):
(a-Na=(a-1)=a=%a=1
if =1, then from (ii):
1+1+a=0=>a=-2

hence,a=1, -2
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Maximum and minimum value of Quadratic Expression:

L . . . b
y = ax? + bx + ¢ attains its maximum or minimum at point where x = o

a
as a <0 ora> 0, respectively.

Maximum and Minimum value can be obtained by making a perfect
square.

p(x) = ax® + bx + 8 is quadratic. If the minimum value of p(x) is 6 when x = 2.
Find a and b
b=-2a= 1
2
—b
Clearly — =2=b=-4a
2a

now, p(2)=6=4a+2b+8=6

b+2b+8=6=b=-2
b 2 1
a=—=

4 4 2

y = 2x> = 3x +1, find minimum value of y

b _-(-3)
2a  2(2)

3
4

. - . 3
y is minimum if x =

2
hence ymin=2E —3§ _,_1:2.2_2_'_1:—_1
4 4 16 4

y = 7+5x - 2x*, find maximum value of y

b_ 5 5
2a 2(-2) 4

y is max ifx—E
' 4

2
hence y,., =7+ S(EJ—Q(EJ
4 4

25 25 81
=7+ 22
4 8 8
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For x >2 smallest possible value of log,, (x3 —4x® +x + 26) —log, (x+2)

x* —4x* + X +26 = (x+2)(x2 —6x+13)

hence, given expression is

log,, (X +2) +log,, (x* —6x +13) - log,, (x +2)
= log,, (X* —6x +13) = y (let)

NOW Y, = log,, (X* —6x+13) =log, {(x -3) + 4}
Ymin = 0804

Range of Linear:

y=ax+b;az0isyeR

y=fx) =x+1

- f(x) is linear
L yeR

Range of

linear y= cx +d

linear ax+b . {a}
cy= is R—
c

_2x+3

, Find range of y ?
X+1

_ Linear

" Linear
hence,y € R - {2}

y = L,Find range of y ?
3x -1

(0)x+1
3x -1

ye R—{%}:ye R-{0}
(x=1)(x-2)(x-3)

(x-2)(x~3)

y = , Find range ofy ?

y=(x-1);x#23
At x=2,x-1=1
At x=3,x-1=2
Hence, ye R—{1,2}
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Linear Quadratic Quadratic
Quadratic ' Quadratic’ Linear

Type 1: If common factors are there

If common factors are there then solve by range of L!near by taking
. Linear
care of domain
Type 2: If common factors are not there
Step I: Cross multiply and make quadratic in x
Step II: Apply D = 0 (since x is real)
Step Ill:  Solve inequality in y and hence find the range
Note:

Always Cross check for coefficient of x? equal to zero.

2
. —X+1
Find range of X2—X
X*+x+1

2

—X+1

Let y=><2—x

X*+x+1

y (X +x+1) =x* = x+1
(y=1)x*+(y+Dx+(y-1)=0 ..(1)
Case=l: y-1#0=>y #1

(1) is a quadratic and x € R

= it has real roots

.D>0
(y+1+2y-2)(y+1-2y+2)20

(By-1)(3-y)20=(3y-1)(y-3)<0

1
3| Ny=#1
ve|23]ny

Hence, y e {%,3} -{1} ..(2)
Case-=ll:y-1=0 =y=1

in (1) puty =1

(0)x* +2x+0 =0 = x =0, which is real

sy can be 1 ...(3)

(2 U @)

1
-3
ye{s }

a1.
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Find range of X +2x-M

2(x—3)
x? +2x —11
Let y =
Y 2(x-23)

= 2yx — By = x*+ 2x — 11

=x2+2(1- y)x+ Gy -1)=0

X eR

". roots of above equation are real hence D > 0
4(1-y) —4(6y -11)20

= 4{y’ -8y +12} 20

= (y’-8y+12)20

= (y-6)(y-2)=0

hence y e (—,2] U [6,°)

2
Find range of following X23—X+4
X°+3x+4
x> —3x + 4
lety="5———
X°+3x+4

= (y-1D)x*+3(y+1)x+4(y-1)=0

Case-l:y-10=>y=1
then D >0
Oy +1)2-4x(y- )x4y- 1H=0
= (3y+3+4y-4)(3y+3-4y+4)=>0

= (7y-1)(7-y)=0
= (7y-1)(y-7)<0

:ye[%,?} Nny=1

hence y e [;,7} -{1}

Case=Ill: y—-1=0=>y =1

Put in (a)
O)x2+6x+0=0=x=0¢€¢R
hence y can be 1

MU

1
_’7
ye[? }

...(a)

..(1)

..(2)
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Find range of w

x(x +3)
x> —x—2
Let y =
Y T ax
= (y=-1)x*+(3y+1)x+2=0 ..(a)

Case=l: y-120=y #1
then D >0
(3y+1) -8(y-1) 20

= (9y’ +6y+1)-8y+82>0

= 9y’ -2y +92>0 (a>0,D<0)

=yeR-{1} Q)
Case-Il: Ify -1=0=y=1

from (a)

(0)x2+4x+2=0=>x=_?1eR

..y can be 1 ...(2)
MU (@2
yeR
2
Find range of w
X*+2x +1
x> +2x -2
lety=——"-——+
Y x> +2x +1

= (Y- +2(y-N)x+(y+2)=0 ..(a)
Case-l: (y-10)#0=y#1

then D >0

4y -1 -4(y-1)(y+2)20

= 4y-D{(y-1)-(y+2)}=0

= (y-1<0

=>ye(-w1) ..()
Case-ll:Ify-1=0=y=1

from (a)

(0)x* +(0)x + 3 =0 (not possible)

-,y cannot be 1 ...(2)

hence,y € (- o, 1)
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2
Q. Find range of following X +1ax+9

x* +2x+3
2
A. Lety=X2+14X+9
X°+2x+3
= (y-1)x*+2(y-7)x+3(y—-3)=0 ...(a)

Case-l: y-120=y #1
thenD >0
4(y-7)" -4(y-1).3(y-3)20
=>4{y2—14y+49—3y2+12y—9}20
= 2y’ +2y -40<0
= y’+y-20<0=(y+5)(y-4)<0
=>yel[-54Ny=#1

=y e [-54] - {1} .. ()
Case-l:y-1=0=y=1

Put in (a)

O)x>— 12x-6=0=>x=-"%eR

hence, y can be 1 ...(2)

MuU(2)

yG[— 53 4]

2
'~ Find range of X25—X+6
X° —4x+3

A. _ (x—2)(x-3)
Y= x—3)(x-1)
X—2

= ,X#3
X =1

Range = R - {1, y(3)}

Range = R - {1,1}

2
2 —_
Q- Find the least value of w =y VxeR
5x° —18x +17
A. (5y —6)x* +2(11-9y)x+(17y —21) =0 ...(a)
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Case-I:5y-6#0=y#6/5

then D >0
4(11-9y)* —4(5y —6)(17y —21) 2 0

= {121+ 81y’ — 198y - 85y° + 207y — 126} 2 0
= 4y’ -9y +5<0
= (4y-5)(y-1)<0

:ye[‘l,%} Ny#6/5

5 6

Case-ll: 5y -6 =0=y =6/5
Put in (a) we get

(1= 14192 _51_¢
5 5

2
5 5

:>X=§eR
2

-,y can be 6/5 ...(2)
(Mu(2)

5

1,—

7 [ 4}
hence y,., =1

ax’ —7x+5

x> —7x+a

capable of taking all values where x being any real quantity.

Find all possible values of ‘@’ for which the expression may be

=(5y—a)x*-7(y-1)x+(ay-5)=0

xXxeR =D20

49(y — 1)2-4(y - a)ay- 5)>0VyeR

49y? - 98y + 49 — 20ay?+ 100y + 4a%y — 20a>0 VyeR
= (49 - 20a)y?+2(2a2+ 1)y + (49 - 20a) >0 Vye R
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> O

Which implies

D <0 and 49 - 20a >0

4(2a%+ 1)?2- 4(49 — 20a)? <0 and a <§
2 2 49

(22 +1+49-20a)(2a” +1-49+20a) <0 and a <20

2 _ 2 - 49
(2a® —20a +50)(2a* +20a - 48) <0 and a < 0 +

(a® —10a+25)(a’ +10a—-24)<0 and a <22
20

(a—5) (a+12)(a-2)<0 and a<%
49
ae[-12,2] U{5}and a <—
el 1 U {5} 20

ae[-12,2]
but for a=- 12 and a=2, N" and D" have common factors which impliesy ¢ R

hence, ae(- 12, 2)

Find the domain and Range of f(x) = I —3x+2
Domain:

x*=-3x+220

(x-1)(x-2)20

X € (=e0,1]U[ 2,0) = D;
Range:

D
2 _ -
(x*-3x+2) ™

_[9-4(2)] _~

4 4

x2-3x+2¢ [—l,ooJ
4

hence, Vx> —3x +2 € [0,) = Range
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General second degree in x and y
f(x, y )=ax? + 2hxy + by? + 2gx + 2fy + ¢

Condition of general second degree in x &y
to be resolved into two linear factors

abc + 2fgh - af? — bg? — ch?=0

Steps for factorization:
Step 1: Factorize second degree homogeneous part.
Step 2: Add constant to both the linear.

Step 3: Compare coefficient of x & coefficient of y and absolute
term if needed.

Prove that expression 2x? + 3xy + y? + 2y + 3x + 1 can be factorized into two
linear factors and find them

a=2,2h=3,b=1,28=3,2f=2,c =1
Condition for factorization, abc + 2fgh — af? — bg? - ch?

= 2(1)(1)+2(1)(§]@J—2(1)2 —1(2]2 —1@)2 :2+%—2—%—%

=0 Hence Proved.
For factorization, 2x? + 3xy + y?= (2x + y)(x +Y)
2x+y+a)x+y+b)=2x2+3xy +y?+ 2y + 3x + 1
comparing coefficientof x = a+2b =3 b o1
—>a=b=
comparing coefficientof y > a+b =2

Factors are 2x+y +1,x+y +1

Prove that the expression x?-3xy+2y?-2x-3y-35 can be factorized into two
linear factors & find them

a=12h=-3,b=22g=-22f=-3,c=-35
Condition for factorization, abc + 2fgh — af? — bg? - ch?

=1(2)(-35) + 2 (_g ](—1) (_ gj ) 1[_ gf ~2() - (-39) [_ gJQ

_ 70-2_9 5,35 _ 4, 27 315
2 4 4 4

=0 Hence Proved.
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For factorization, x2 — 3xy + 2y?= (x — 2y)(X - y)
x-2y+a)x-y+b)=x2-3xy+2y?-2x — 3y - 35
comparing coefficientofx =>a+b=-2

. o —b=5a=-7
comparing coefficientof y = —a-2b = —3}

Factors are x-2y -7, x—-y+5

If the equation x* +16y® —3x +2 = 0 is satisfied by real values of x and y then

show that x e [1, 2]andy e {—%%}

Given equation can be expressed as
x* —3x+(16y* +2) =0

xeR=D2=0
9-4x(16y* +2) =0

(9-64y’-8)20
= 64y°-1<0

(8y+1)(8y-1)<0=ye [—%,%}

Now, given equation,
16y> :—(x2 —3x+2)
LHS 20 = —(x* -=3x+2) 20
x> -3x+2<0

(x - 1)(x - 2) <0=>xe [1, 2] Hence Proved.

Theory of Equation
ax’ +bx® +ex+d =a(x—(x)(x—[3)(x—y)
Sum of roots taken one at a time = a+ B+ 7y = _—b
a

Product of roots = offy = -
a

Sum of product of roots taken two at a time = off + By + yo = ¢
a
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ax’ +bx’ + X’ +dx+e =a(x-a)(x-B)(x-v)(x-9)

Sum of product of roots taken two at a time = o +ay+ ad+By+ P+ 0 = ©
a

Sum of product of roots taken three at a time = oy + afd + oyd + Byd = -d
a

a
In General: Yo, =-—
aO

If o,,0,,0,,...,0  are the roots of the equation: a,

Yoo, =+—
n n-1 n-2 _ h 1772 a

ax' +ax +a,x " +..+a,Xx+a,=0 ,where a;, #0 0

a

(a+b+c) =Ya’+2Xab

0,00, - O =(—1)n :—”
0

Find sum of squares of roots and sum of cubes of roots of the cubic equation
x> —px> +qgx-r=0

Let roots are a, B, y then
a+B+y=p
aff + By +yau=q, apy=r

sum of squares of roots = o + B> +y* = (0€+B+Y)2 —Q(OCB+BY+ “{(X)
=p’-29
sum of cubes of roots
o +B*+7 = (a+B+y){o’ + B+ v’ — (aB +By+ o)} + 30y

=p{(p* —2q)-q} +3r
=p(p2 —3q)+3r
=p®-3pg+3r

Solve the cubic 4x® +16x®> —9x —36 =0 where sum of two roots is zero.

Let roots o,—0,f

now (x+(—oa)+[3=%6:>[3=—4

49,
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4

4 2

roots = —4,—§,§

2 2
o : 1 1 1
If a, b, c are roots of cubic x> —x*+1=0 find —+—+—
a b ¢

a+b+c=1

ab +bc+ca=0,abc = -1

1 1 1 a%?+bic? +cfa®  X(ab) —2abcTa

a® b* ¢ (abc)2 (abc)2

=2

T
If a,B,7,6 are roots of the equation tan [Z+ X]= 3tan3x then find the value

of tano + tanf + tany + tand

1+tanx 3 (3tanx — tan’x)

1-tanx 1—3tan’x
let tanx =t then
1+t 9ot-3t°
-t  1-3t?

= 1-3t? +t-3t® =9t - 3t® - 9t* + 3t*
= 3t*—6t>+8t—-1=0

above equation roots tana,tanp, tany, tand

= sum of roots = 0

If roots of x3- 5x2 + 6x =3 = 0 are o,f,Y. Tell equation whose roots are
o+1L,B+1y+1

Let o+l=x=>0a=x-1
also a is root of given equation
o’ -50°+600-3=0
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= (x=1"-5(x=1"+6(x-1)-3=0
= (x*-3x* +3x-1)-5(x* = 2x+1)+6(x-1)-3=0
= x*-8x*+19x-15=0

which is required equation.

Find the cubic whose roots are cubes of the roots of x> +3x> +2=0

If roots of given equation o,B,y then required equation will have roots
(X3’B3’y3
]

now let o) = x = o = x3

13 12
:>[x3] +3[x3] +2=0

2
= -3x3=x+2

:{_3)(2 j = (x+2)°

= —27x% = x* +3x* (2) + 3x(2)" + 2°

= x> +33x* +12x+8=0
which is required equation.

The length of sides of a triangle are roots of the equation
x? —12x> + 47x —60 = 0 and A is area of the triangle then find A2

Let sides of triangle are a, b, c
thena+b+c=12

ab + bc + ca =47

abc = 60

Now, A? = s(s — a)(s — b)(s - ¢)

~6(6-a)(6-b)(6-c) s=athbre

6{6° ~12(6)" + 47(6) - 60}

= 6(216 — 432 + 282 - 60)

36
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Location of roots:

Type-1:
Both roots of a quadratic equation are greater than a specified number,
ie, o,f>d

Step-1: Make leading coefficient positive
Step-2: Apply conditions

(i) D >0
or

.. —b
(i) o >d

(iii) f(d) > 0

[ = Tpp—_——
[ o Ipup—_

a\/ﬁ
Find the value of d for which both roots of the equation
x> —6dx +2 —2d+9d” = 0 are greater than 3

Step-1: a>0=> Let f(x)=x*—-6dx+2—2d+9d*
Step-2:
() D>0=36d"-4(2-2d+9d°)>0 = 8d-820=d =1
(ii) _—b>3:>@>3:d>1
2a 2
(iii) f(3)>0=9-18d+2-2d+9d* >0 = 9d* -20d+11>0

= 9d* -9d-1d+11>0= 9d(d-1)-1(d-1)>0

= (9d-1)(d-1)>0= de (—w,1)u[g,mj

(i) N (i) N (iii) gives

Find all the values of ‘a’ for which both roots of the equation x> +x+a =0
exceed the quantity ‘a’.

Step-1: A>0 = Letf(x) =x2+x+a
Step-2:
i) D>20=1- 4a>0=4a<1= ae (- «, 1/4]
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.. -B -1 [ —1)
(i) —>a=>—>a=ae|—w,—
2A 2 2
(i) f(a)>0=>a’+a+a>0=>a’+2a>0=a(a+2)>0=ae (—w,-2)U(0,x)
(i) N (i) N (iii) gives
a € (—oo,—2)

Determine the values of ‘a’ for which both roots of the quadratic equation
(a® +a-2)x* —(a+5)x-2=0 exceed the number minus one.

Step-1: Divide by (a’ +a - 2)

5
A>0= Let f(x)=x>- 2(a+) X — 2
(a +a—2) (a®+a-2)
Step-2:
2 a+5) +8(a>+a-2
() prom_3F9 & ., (a+9 +8 >0

(a2+a—2)2 (2> +a-2) (a2+a—2)2

2 9(a+1)
9a +218a+9220:> (a:+)
(a-1)"(a+2) (a-1)"(a+2)

20 =>aeR-{-2,1}

(if) —_B>_1:&>_1:a—+5+1>0
2A 2(a® +a-2) 2(a® +a-2)
2a’ +3a+1 (2a+1)(a+1)
> — >0 — 15
2(a+2)(a-1) 2(a+2)(a-1)
1 + — + — +
= a€ (—oo,2)U| -1,—— |U (100
< (=2 Jo e
2
(a+5) 2
i) f(-)>0=1+ - >0
i (=) (a®+a-2) (a*+a-2)
a?+2a+1 (a+1)
R 5>
a’+a-2 (a-1)(a+2)

= a€ (—oo0,—2)U(1,)

Now, (i) N (ii) N (iii) gives
a e (-o0, =2) U (1, o0)
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Type-2:

Both root lies on either side of a fixed number,
say d, i.e, oo<d<f

Step-1: Make leading coefficient positive

Step-2: Apply condition f(d) < O a q B

Find k for which one root of the equation x> - (k + )x + k» + k = 8 =0 is

greater than 2 and other is less than 2

Step-1:a>0
Let f(x)=x"—(k+1)x+ (k> +k —8)

Step-2:

f(2)<o0

4-(k+1)2+(k* +k-8)<0
k?-3k+2k-6<0
k(k-2)+2(k-3)<0
(k+2)(k-3)<0

u 4y U

ke (-2,3)

Find the set of values of ‘@’ for which zeros of the quadratic polynomial
(a® +a+1)x* +(a—1)x+a’ are located on either side of 3.

Step-1: Making leading coefficient positive
a-1 2
Letf(x):x2+ ( ) X+
a®+a+1 a’+a+1

Step-2: f(3) < 0
3(a—1 2
(a-1)  _ a

3 5 <0
a*+a+1 a"+a+1

=

_, 9@ +a+1)+3(a-1)+a’

(a®+a+1) <0
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10a%> +12a +6
—_——

5 0
a“+a+1
2(5a” +6a + 3)
= <0
(a®>+a+1)
= aed

Find a for which one root is positive and other root is negative for
-x*-(3a-2)x+a’+1=0

Step-1: Making leading coefficient positive
Let f(x)=x"+(3a—2)x—(a’+1) then
Step-2: f(0) <0
= —(a*+1)<0
=aeR

Find a for which both root lie on either side of — 1 of quadratic equation
(2> -52+6)x’ —(a—3)x+7=0

Step- 1: Making leading coefficient positive

(a-3)x N 7

Let f(x)=x*-
(x) a’-5a+6 a’-5a+6

Step- 2: f(-1)<0

(a-3) 7

(a12—5a+6)+(a2—5a+6)<0

= 1+

(a®-5a+6)+(a-3)+7

- (a® -5a+6) <0
(a® - 4a+10)

7 (a-2)(a-3)

= ae(23)
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Type-3:
Both roots lies between two fixed number,
iie,d<a<pP<e

Step-1: Make leading coefficient positive

Step-2: Apply conditions d

()D =0
(if) f(d) > 0
(iii)) f(e) > 0

b
vyd< ——
(iv) o <e

If a,, Be(-6, 1) then find k for which x* +2(k -3)x+9 =0 has roots a, p.

Step-1: As leading coefficient is positive
Let f(x) = x>+ 2(k = 3)x + 9
() D>0=4(k-3)-4x9>0 = (k-3+3)(k-3-3)>0

= k(k-6)20= ke (—=,0]U[6,)
(i) f(-6)>0=36-12(k-3)+9>0 = 81—12k>0:>ke(—oo,%]
(i) f{1)>0=>1+2(k-3)+9>0=>2k+4>0=>k>-2

~2(k - 3)

(iv) -6< <1:—12—<2(k—3)<2:6>(k—3)>—1:ke(2,9)

(i) N (i) N i) N (iv)
ke l:6,2—7)
4

At what value of ‘@’ do all the zeroes of the function (a-2)x*+2ax+a+3
lies in the interval (-2, 1)

Step-1: Making leading coefficient positive

Let f(x)=x>+ 2ax +(a+3)
(a-2) (a-2)
Step-2:
> 4
() Drom 2 _4@*3),

(a-2) (a-2)
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aQ—(a+3)(a—2)> :ﬂ> = a€ (—,6]-
a-2) -2 e

4a +(

(a-2) (a-2)

4(a—2)—4a+(a+3)> a-5
(a—2) a-2

(i) f(-2)>0=4-

= a€ (—,2)U(5,0o)

2a (a+3)
(iii) f(1)>0:>1+(a_2)+(a_2)

(a—2)+2a+(a+3)>o:> 4a +1
(a-2) a-2

>0

>0

—2a <= -2<_2
2(a-2) a-2

—a = a —2<0:>a_4
a—2 a—2 a—-2

(iv) -2< <1

-2 <

>0

nae (—e0,2) U (4,00)

_ 2la—-1
a <1=>L+1>0=>M
a—2 a—2 a—2

>0

o ae (-, 1)U (2,0)
Intersection of all conditions is x e (—eo—1/4) U (5,6]
Type-4:
Both roots lies on either side of two fixed numbers,

ie, ao<d<e<p

Step—1: Make leading coefficient positive

(i) f(d)<o0

(i) fe) <O

Step-2: Apply conditions




Quadratic Equations

Find k for which one root of the equation (k-5)x*-2kx+(k—4)=0 is
smaller than 1 and the other root is greater than 2.

Step-1: Making leading coefficient positive.
kx (k—4)
(k—-5) (k—-5)

Let f(x)=x*-

Step-2:
(i) f(2)<o
4k +k—4<0:>4(k—5)—4k+(k—4)<0
(k-5) k-5 (k—5)
k —24
=
k-5
(i) f(1)<o
2k k—4< :(k—s)—2k+(k—4)
k-5 k-5 (k—5)

<0=ke (5,24)

(i) N (ii)
= k e (5, 24)

Types-5:
Exactly one root lies in the interval (d, e)

Step-1: Make leading coefficient positive. d

e
Step-2: Apply condition f(d)f(e) <0 \/

Find the set of values of m for which exactly one root of the equation
x* +mx +(m’ +6m) =0 lie in (- 2, 0)
Step-1: Making leading coefficient positive.
Let f(x)=x*>+mx+m’+6m

Step-2:
Case—-I: When no rootis — 2 or O

f(-2) f(0) < 0

= (4-2m+m’ +6m)(m’ +6m) <0 = (m’ +4m+4)(m’ +6m) <0

= (Mm+2)’m(m+6)<0=me (-6,0)-{-2}

\ 4

58.



Case-Il: When one of the rootis — 2 or 0
MHiff(-2)=0=4-2m+m2+6m =0
=>=m?+4dm+4=0=>m = -2
For m= - 2 equation: x2 - 2x— 8=0 = x = 4, -2 = No root in (-2, 0)
(ii) If f(0)=0=m?>+6m=0=>m=0,-6

For m = 0 equation: x2= 0 =x = 0,0 = No root in (-2, 0)
Hence, me(-6, 0) — {-2}

Find a for which exactly one root of the equation x* —(a+1)x+2a =0 lies
in (0, 3)

Step-1: Making leading coefficient positive
Let f(x)=x>-(a+1)x+2a
Step-2:
Case-I: When no root is 0 or 3
f(0).f(3)<0
= (2a)(9-3(a+1)+2a)<0
= 2a(6 — a)<0 =a(a- 6)>0
a € (—e0,0) U (6,) ()

Case- ll: when one of the rootis 0 or 3
(a) If f(0)=0=2a=0=a=0
For a=0 equation : x2- x=0 =x = 0, 1 = one root in (0,3)
hence, a can be 0 ...(ii)
(b) IffB)=0=>9-(@+1)3+2a=0 = a=6
For a = 6 equation: x?- 7x + 12 = 0= x = 3, 4 = No root in (0,3)
(i) U (ii)

hence, ae (—«,0] U (6,)

Note: If f(p) f(g) < O, then

Exactly one root lies between (p, q)

Y
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Miscellaneous Examples

If a < b <c<dshow that quadratic (x — a)(x — c) + A(x — b)(x — d) = 0 has real
root for all real values of A except —1.

Letf(x) = (x —a)(x — c) + Mx = b)(x = d)
now

f(d)=(d-a)(d-c)>0

now f(b)f(d)<O=exactly one root in interval (b, d)
- coefficient real = other root must be real for V A € R—{-1}

Find p for which the expression x> —2px + 3p + 4 < 0 is satisfied for atleast one
real x.
Clearly D >0

(-2p)? - 4(3p + 4) >0

=>p?-3p-4>0

>pP-4Yp+1)>0

:pe(_oo5_1)u(4’°°)

Find the value of m for which x> —4x +3m+1> 0 is satisfied for all positive x.

x> —4x+4>3-3m

for x> 0, (x — 2)? € [0,)
hence3-3m<0=m >1

Show that (a2 + 3) x* +(a+2)x—5<0 is true for at least one negative x for any

real value of a.

Let f(x)=(a’+3)x* +(a+2)x-5

clearly f(x) is upward parabola and f(0) < O
= it is negative for atleast one negative x, V aeR
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If f(x)=4x>+ax+(a-23) is negative for atleast one negative x, find all values

of a.

f(x) = 0 have atleast one root negative
Case-I: Both roots < 0 (distinct roots)
i) b>o0
= a’-16(a-3)>0 = a’-16a+48>0=(a-12)(a-4)>0
= a€ (—e0,4) U (12,00)
B

(ll) _ﬂ <0

:>j<0:a>0
8
(iii) f(0) > 0

=a-3>0=a>3

(M) N @iy N il

ae (3,4)u(12,») (1)
Case-Ill: One root > 0 and other root < 0
f(0) < 0O
=a- 3<0=a<3 ...(2)
Case-IIl: One root < 0 and other root =0

f0O)=0=a=3
for a = 3 equation is 4x2+ 3x =0

3 .
x=0, x= 2 (negative)
~a=3 ...(3)
MmuE@uU@E
a€ (—o,4) U (12,)

Find a for which x* +2(a-1)x+a+5=0 has at least one positive root.

Let f(x)=x*+2(a-1)x+a+5

Case-I: Both roots > 0
() D=0
=4(a-1)"-4(a+5)20= (a>-2a+1)-(a+5)20

= (a2—3a—4)20:>(a—4)(a+1)20

= ae (—oo,—1]U[4,)
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.. -B
(i) A >0

-2(a-1)
:T>O=>a—1<o:a<‘l

(iii) f(0)>0
a+5>0=a>-5

(i) N (i) N (iii)

= a e (-5, -1) ...(1
Case-Ill: one root < 0, other root > 0

f(0) <0

a+5<0=a<-5 ...(2)
Case-lll: one root=0, other root > 0

f(0)=0

a+5=0=>a=-5

for a = - 5 equation is xX2-12x = 0 = x = 0, x = 12 (positive)

=- 5 ...(3)

U@ U Q)
a e (-oo, -1)

Find p for which the least value of 4x*> —4px+p’ -2p+2 for xe[0,2] is
equal to 3
Let f(x)=4x* —4px+p> -2p+2

Case-1I: —iso:ﬂso:pso
2a 8

then f(0) is minimum in x € [0,2], hence,

= f(0)=3= p?- 2p- 1=0=p= 2 i;/g
p=1-+/2, p=1++2 (rejected, as p < 0)

Case—ll:0<;—b<2:>0<%<2 = p € (0,4)
a

In this case f(x) is minimum at vertex

hence, D_3;
4a

~{16p* 16 (p* — 20 + 2)}
16

=3
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—2p+2=3
=p= —% (rejected, as p € (0,4))

=>ped ... (2)
Case-lll: _—b22:£22=>p24
2a 8

In this case f(x) is min at x=2 hence, f(2) = 3
=16 - 8p+p?- 2p+2=3 = p?- 10p+15=0

+ - +
N p=10_\/100 60 =1o_22dﬁ=5im

2
— p=5+10, p=5-10 (rejected, as p > 4)
= p=5+10 .. (3

MU @) U@
hence, p={1—\/§,5+\/ﬁ}

Find k for which the equation x* +x*(1-2k)+k®*-1=0 has

(i) No real solution (ii) one real solution
(iii) Two real solutions (iv) Three real solutions
(v) Four real solutions.

Let f(x) = x* +x* (1-2k)+k*-1=0, x* =t

()

Also, let g(t) =t*+(1-2k)t+(k* - 1)

For equation f(x) = O to have no real solution, equation g(t)=0
must have either both roots < 0 or imaginary roots.
Case-I: both roots < 0

() D=0 = (1-2k)"-4(k>-1)=0
= (4k* =4k +1)-4k> +420

N 4kg5:>ke(—oo,ﬂ

— 2k —1
(i) —b<0:>u<0:>ke(—oo,lj
2a 2 2

(iii) g(0)>0=>k*-1>0= ke (—oo,—1) U (1,)

) N (i) N (i)
= ke (-0, -1) (1)
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(if)

(i)

(iv)

Case-II: Imaginary roots

5

(ORSE®))
ke (—m,—1)u(%,wj

For equation f(x) =0 to have one real solution equation g(t) = 0

must have one root = 0 and other root < 0

hence, g(0) =0 => k= %1

Put k =1in f(x) = 0: x2 [x? — 1] = 0 giving three solutions so not possible
put k = =1in f(x) = 0: x?[x2 + 3] = 0 giving one solution so possible.

k ={-1}

For equation f(x) = 0 to have two real solution equation g(t) = 0 can be

equal and positive roots or have one root > 0 and other root < 0
Case-lI:

D=0= k=

Nl

xR - 2%+ 2 =0
2 16

= x? = % = X = J_r% giving exactly 2 solutions.

-5
= k= 2 Q)
Case-ll:
g0)< o
k? -1< 0= ke(-1,1) ... (2)

(1 U (@2 ;
ke (-1,1)U {Z}

For equation f(x) =0 to have 3 real solution equation g(t) = 0

must have one root = 0 and other root > 0

hence g(0)=0 = k = +1

If k=1 then equation: t* -t =0 = t =0,1 gives 3 solutions for f(x) = 0.

So, accepted
If k= — 1 then equation: t> +3t=0=t =0,-3 gives only 1 solution for

f(x) = 0.
So, Rejected
Hence k =1
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(v) For equation f(x) =0 to have 4 real solution equation g(t) = 0

must have unequal and positive roots. Hence,
(i) D>0= (1-2k)° - 4(k* -1)>0

= (4k* =4k +1) - 4k> +4 >0
5
:>4k<5:>ke(—oo,z)

(ii) g(0) > 0 =k>-1>0
= ke (—eo,—1) U (1,)

2k —1

(i) -2 5 0= S0 k>
2a 2

(i N (i) N i)

= ke [1,§j
4

Find all values of the parameter ‘@’ for which the inequality 4 —a.2* —a+3<0

which must be satisfied for atleast one real x.

Let f(t)=t>-at—a+3, t > 0 then at least one root of f(t)=0 must be
positive

Case-I: both roots > 0 (smaller can be 0)
(i) D20= a’-4(-a+3)20

a’+4a-1220
(a+6)(a-2)20=ae (—=,—6]U[2,~)
(i) _—B>O:>3>O:>a>0
2A 2
(iii) f(0)20=(-a+3)20=a<3

@ N (i) N (i)

ae[2, 3] ..(1
Case- ll: one root > 0, other root < 0
f(0) <0 =a>3 ...(2)
Mmu(©@
a e [2, =)
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Q. (2 +x+2) —(a=3)(x® +x+1)(x® +x+2)+(a-4)(x* +x+1)° =0 has

atleast one real root, then find the complete set of value of a.
A. Letx2+x+1=te[%,w]

Given equation becomes:
t2-a+3)+1=0

Modulus Inequality
For o, >0

(i) |x| <o = XEe€ (—a, oc)

(i) [x|>B = xe (o, —B) L (B,eo)

Q. (Ix-1-3)(jx+2/-5)<0

A. Case-l:
|x—1|—3<0 and |x+2|—5>0

|x—1|<3 and |x+2|>5
x—1€(-3,3) and x+2¢€ (—e0,—5) U (5,00)
X € (=2,4) and x e (—eo,—7) U (3,0)

x € (3,4) .-(1)
Case-Il:
x-1-3>0 & |[x+2-5<0

x-1>3 & |x+2/<5




©

>

X € (—o0,-2) U (4,0) & x € (-7,3)
xe (=7,-2) .(2)
MUQ) = xe (-7,-2) U (3,4)

5x +16
3

|x2+4x+2|:

5x +16

Case-I: >0

x2+4x+2z5x+‘I6

3x*> +12x + 6 = 5x + 16,
3> +7x-10=0
(3x+10)(x-1)=0

x=i30 (rejected as x > —? ), X =1

X =
5x +16

Case-ll: <0

(5x +16)
3

X>+4x+2=—

3x? +12x+6 = -5x — 16
3x* +17x+22=0

(3x+1)(x+2)=0
X =_—11,x = -2 (rejected as x < _1e )
3 5
MU ©@
X = {1,_—11}
3

x — 5| >|x2 —5x+9|
Squaring both sides
(x— 5)2 > (x2 - 5x + 9)2

= (x2—5x+9+x—5)(x2—5x+9—x+5)<O

(M)

.(2)
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= (X" —4x+4)(xX’ —6x+14) <0
= (x-2)"<0

= Xed

x> —5x + 4

x> -4 =1

|x2 —-5x +4|<[x* -4

J(x % £2)

(x* —5x+4) <(x*-4) (x +2)

(X* =5x+4+x* —4)(x* —=5x+4 —x* +4) < 0,(x # £2)
= (2x* - 5x)(8 - 5x) < 0,(x # +2)

= Xx(2x-5)(5x-8) 2 0,x # +2
xe[08]u] 3.

5 2
[ x> =3x—-1<3| x> +x+ 1|

[ x> =3x-1<3| x> +x+1|
Squaring both sides
(x2 - 3x —'I)2 < (3x2 +3x + 3)2

= (4x2 +2)(2x2 +6x+4)>0

= 4(2x2+1)(x2+3x+2)>0
= (x+1)(x+2)>0

= X € (—o0,—2) U (-1, 0)

Ix=1-1<1

1< |x=1-1<1
0<|x-1<2
= 2<x-1<2

= -1<x< 3= xe[-1,3]
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||x—1|—2|:1

x-1-2=1,-1

(X —1) =3,-3,1,-1

x=4,-2,2,0

3x -9 +2|>2

Bx-9[+2<-2 or [3x-9[+2>2

= |3x—9|<—4 or |3x—9|>0

= xe ¢ orxe R—{3}

= xe R-{3}

Find the set of solutions of the equation 2" —|2”‘1 —1| =2 +1

Zeroes of modulus:
(i) for |y| is y=0

(ii) for |2”‘1 —1| =0isy=1

Case-I: y>1=y e [1, o)
= 2 (27 -1)=2"+1

=yeR
= R N[1,) = [1,0) .. (M

Case=Il:0<y <1
2+ (27 =1) =2 +1
=2 =2=y=1
=y=1nye|0,1)

>yed (2
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Case-lll: y<O
27 4 (27 =1) =2 +1
2V =2
= y=-1
y=-1MN(-c0,0)

=>y=-1
MU @ uUE

y € [1e)u{-1}
Log-Inequality

(i) log,x>log,y=>x>y>0,Ifa>1

(ii) log,x>log,y=0<x<y,If 0<ax<1

Q. l0g7
A. log_[

2X — 6
=
2x =1

-1>0

2x —1
1
hence, x < —
2

>0=>2x-1<0

o logg(2x-1)<2

>

0<(2x-1)< 3
0<2x-1<9

1<2x<10=>xe(%,5)

...(3)
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log,[2x —1|> 2

|2x -1 > 32

|2x -1 >9

2x—-1< -9 or 2x-1>9
2x < -8 or 2x>10

X<—4 or x>5

= X € (—e0,—4) U (5,00)

= |x2—4x|+32x2+|x—5|

zeroes of modulus are 0, 4,5

Case-I: x2>5
=x2-4x+32x>+x-5
= 5x< 8
= x < 8/5
From (i) and (i) x € ¢
Case-Ill: 4<x<5
=X2-4x+3>2x>+5-x
= 3x <=2
=x<-2/3
From (iii) and (iv) x € ¢
Case-=lll: 0<x< 4
=4x - x?’+32>2x2-x+5
= 2x2-5x+2<0
=>2x -1 (x-2)<0

= X€ [1,2]
2
. 1
From (v) and (vi) x 6[5,2}
Case-IV: x<0

=>X2-4x+3=>2x>-x+5
= 3x < -2

()

(i)
()]
.. (i)

..(iv)
..(2)
(V)

...(vi)

..(3)
...(vii)
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= x<-2/3 ..(viii)

From (vii) and (viii) x e (—oo, —%} ...(4)
MuE@UE U@
X e (—w,_—z}u[l,Z}
3 2

log,, (x* - x —2) < log,, (-x* +2x + 3)
0<—X*+2x+3<x*—x-2
= x*+2x+3>0 and x> =x—-2>-x>+2x+3
= (x+1) (x-3)<0 and 2x* —-3x-5>0
=x e (-1, 3) and (2x-5)(x+1)>0
= xe (-1, 3) and (—oo,—1)u(g, oc]

= Xe€ (5,3)
2
6

(0.3 (%3] 5 1

3Xx+6
L log, —— |<0
og;(ogz x2+2j

3Xx+6
X +2
= 2x*-3x-2<0

= (x-2)(2x+1)<0
- xe(22)

(2 (log,x)" — 3log,x — 8) (2logix — 3log,x —6) > 3

>2=3x+6>2x*+4

Let log,x =t , then
(2t -3t -8)(2t>-3t-6) =3

Again let 2t> -3t =«
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= (o - 8)(aa — 6) >3

= o’ -140+48-32>0

= o’ -1400+452>0

= (a-9)(a-5)=0

= o<b or o=9

= 2t> -3t-5<0 or 2t -3t-92>0

= (2t-5)(t+1)<0 or (2t+3)(t-3)=0

= te —1,2} or te [—oo,_—3]u[3,ooj
L 2 2

= te —w,_?S]U[—'Lg}U[& )

= xe 3‘“,3_23} u[3‘1,32}u[33,3“)

hence, x e (O,%} U [%, 9\/§:| U [27,0)

l'og2x+3X2 < log2x+3 (2X + 3)

Case-=l: 2x+3>1=>x> -1
So, given equation: 0 < x2 < 2x + 3
O0<x?&Xx2<2x+ 3
XxXz20&Xx2-2x-3<0
X#0& (X -3)(x+1) <0
xz0&x e (-1,3)
x € (-1,0) U (0,3)

Now, x € (-1,0) U (0,3) N (-1, )

x € (-1,0) U (0,3) ..(M)

Case-=ll: 0<2x+3<1 = _3<2X<_2:>X€(_?3’_1)

So, given equation: x> > 2x + 3
x*-2x-3>0
(x+1)(x-3)>0

= X € (—e0,—1) U (3,0)

73.




Now, X (~e=,-1) U (3,22) (_,-1

= X€ [—3,4)
2
M U@
‘e (—%,—1)u(—1,0)u(0,3)

..(2)
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