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Wave on a String

WAVE MOTION

. . . ¢ h
A wave is a disturbance which propagates the KEY POINTS \
energy (and momentum) from one place to the
other without the transport of matter. It is well

Wave

spread over a region of space without clear cut

boundaries. It cannot be said to be localized here Mechanl?al wave
or there. Progressive wave

Stationary wave
Longitudinal wave
Transverse wave

Examples : Waves in still pond, light, sound, a
pulse travelling on a taut string.

Classification of wave
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Based on Based on motion e e R EE——

medium of the particles e propagation

‘ of medium
Mechanical  Electro Longitudinal Transverse Progressive Stationary
wave magnetic wave wave wave wave
wave
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dimensional djmensional dimensional

wave Ay e

As shown in the above tree, waves can be
primarily classified into four categories :-

(A) Based on medium

(B) Based on the motion of particles of the
medium

(C) Based on energy propagation

(D) Based on direction of propagation

Definitions

On The Basis Of Medium.

1. Mechanical or elastic wave.

Waves for which propagation medium is essential
are known as mechanical waves. eg. Sound wave,
wave on water surface, wave on stretched wire
etc.

Waves for which propagation
medium is essential are known
as mechanical waves
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Wave on a String

For the propagation of mechanical wave a medium
should have following 2 properties:-

Inertia

Elasticity

2. Non Mechanical or electro-magnetic wave
(EMW)

Waves for which propagation medium is not
essential are known as non-mechanical wave. eg.
Light wave, Radio wave etc.

On The Basis of Direction of Propagation

1. 1-D wave :
Waves in which energy propagate in
particular one direction, are known as 1-D
waves. eg. Wave on stretched wire, wave in
spring etc.

2. 2-D wave :
Waves in which energy propagate in a plane
is known as 2-D wave. eg. Wave on liquid
surface.

3. 3-Dwave:
Waves in which energy propagate in all
possible directions, are known as 3-D
waves. eg. Sound wave, light wave, seismic
wave.

On The Basis of Vibration of Medium Particle:
VOP = Vibration of particles
DOP = Direction of propagation of wave
1.  Longitudinal wave :
Waves in which vibration of medium particles
are along the direction of propagation of
wave are known as longitudinal wave.
eg. Sound wave, wave in spring etc.

————>—4—0—>—<—0———» DOP

Definitions

Waves for which propagation
medium is not essential are
known as non-mechanical wave
or electromagnetic wave

Sr‘ _ Concept Reminder

Not all waves require a medium
for their propagation. We know
that light waves can travel through
vacuum. The light emitted by stars,
which are hundreds of light years
away, reaches us through inter-
stellar space, which is practically

a vacuum.

VOP || DOP

VOP
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Rarefraction Compression
These wave propagate in form of compression
and rarefaction.

In compression region density of medium
particles is maximum and in rarefaction region
density of medium particles is minimum.

These are also known as pressure wave (P-wave
because it can only be produced by applying
pressure).

Pressure can be applied on all 3 mediums (Solid,
Liquid and Gas). So, it can propagate in all
3 mediums.

2. Transverse “Mechanical” Wave :

Waves in which vibrations of medium particle is
perpendicular to the direction of propagation of
wave are known as transverse waves.
eg., Wave on stretched wire
mechanical), light wave
mechanical)

(transverse
(transverse non-

VOP L DOP

VOP

Crest
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Definitions

Waves in which vibration of
medium particles are along the
direction of propagation of wave
are known as longitudinal wave

Sr‘ _ Concept Reminder

Waves in which vibrations of
medium particle is perpendicular
to the direction of propagation
of wave are known as transverse

waves.

¥ . Concept Reminder

oo

A third kind of wave is the so-

called Matter waves. They are
associated with constituents
of matter: electrons, protons,

neutrons, atoms and molecules.
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Wave on a String

These waves can propagate in form of crest and
trough.

During wave propagation, medium is subjected
to shearing stress and shearing stress can be
produces on rigid bodies. So ,these waves can be
produced in solid and on liquid surface (due to
surface tension).

These waves are also known as shear wave
(S-wave).

Important points :

Every longitudinal wave is mechanical in
nature but every mechanical wave are not only
longitudinal but transverse also.

All non-mechanical waves are transverse in
nature but all transverse waves are not only non-
mechanical but mechanical also.

Some Mixed Example of P and S wave

In same solid both P and S wave can be produced.
It can only depends on mode of excitation but
speed of P-wave > S-wave.
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P wave
(- VOP || DOP)
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(P and S wave together)

»DOP

Rack your Brain ﬂ

A transverse wave travels along
x-axis. The particles of medium
move

(1) Along x-axis

(2) Along y-axis

(3) Along z-axis

(4) Either along y-axis or z-axis
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Ripple Wave :

Some waves in the nature are neither transverse
nor longitudinal but a combination of the both.
These waves are called ‘ripple’ and waves on the
surface of a liquid are of this type. In these waves
particles of the medium vibrate up and down and
back and forth simultaneously describing ellipses
in a vertical plane.

A —_—V

Ripple

Seismic Wave :

Further more in case of the seismic waves
produced by Earthquakes both 'S' (shear) and 'P'
(pressure) waves are produced simultaneously
which travels through the rock in the crust at
different speeds

[vi =5km/s while v, =9km/s] S-waves are
transverse while P-waves are longitudinal.

On The Basis of Energy Propagation

1.  Progressive or travelling wave.
Waves in which energy propagate in
unlimited and unbounded region with finite
speed are known as progressive waves.

Definitions

Some waves in nature are neither
transverse nor longitudinal but
a combination of the two. These
waves are called ‘ripple’.

Definitions

Waves in which energy propagate
in unlimited and unbounded
region with finite speed are
known as progressive waves
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eg. Sound wave, Light wave etc.
Non-progressive or standing or stationary
wave
Waves in which energy exist in a limited
bounded region are known as non-
progressive wave.
eg. (i) waves in organ pipes,

(ii) sonometer wire.

Concept of One Dimensional Simple Harmonic Wave

Definitions E

Waves in which energy exist in
a limited bounded region are
known as non-progressive wave.
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e All the medium particles execute SHM of same
type, means all particles have same time period,
frequency, angular frequency and amplitude but
have different phase angle during oscillation.

® Every particle transfer energy to their neighboring
particle but never leave their mean position.

e Direction of energy propagation is also known as
direction of wave motion.

§ . Concept Reminder

A  harmonic (sinusoidal) wave
travelling along a stretched string
is an example of a transverse
wave. An element of the string in
the region of the wave oscillates
about its equilibrium position
perpendicular to the direction of
wave propagation.

Wave on a String



Wave on a String

Fundamental Elements of Wave Motion:
F 3 y

_A - \\ 4//'/

1.  Amplitude (A) : Maximum displacement of

the vibrating particle from its equilibrium
position.

Time period (T) : Time taken by the wave to
travel a distance equal to one wavelength.
Frequency (n/f/v) : Number of cycle (number
of complete wavelengths) completed by a

particle in unit time.

4. Angular frequency (®) : It is defined as

2
o):—n:27cn
T

5. Wave length (2 ):

Length of 1 wave
Or

Minimum distance between the any two

particles which are vibrating in same phase.

Or

Distance covered by wave in 1 time period
Or

Distance between two successive crest or
trough in a transverse wave.

Or

KEY POINTS \

Amplitude

Time period
Frequency

Angular frequency
Wavelength

Wave number
Propagation constant

Rack your Brain ﬂ

Which one of the following
represents a wave?
(1) y =Asin(ot —kx)

(2) y =Acos’(at —bx +c)
+Asin*(at —bx +c)

(3) y = Asinkx

4) y = Asinot

¥ . Concept Reminder

Distance travelled by the wave per
unit time is known as wave speed

®
> v=—
k



Distance between two successive compression
or rarefaction in a longitudinal wave is known as
wave length.

6.

0

Wave number (V)
Number of wave produced per unit distance
is known as wave number.

V= 1 (Unit=m")

A

Angular wave number or wave propagation
constant (k) :
The ratio of phase difference and path
difference of any two particles in the
direction of wave propagation is known as
angular wave number.

o

A

o
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Wave Speed (v)
Distance travelled by a wave per unit time is
known as wave speed.

v=$=nk and v=2: V=n\=—

Medium given
So, v = constant

(I1) Source given
So, n = constant

= nA = constant = VoA
1

> Noc —
A

eg.

s(" ~ Concept Reminder
Mechanical waves are related
to the elastic properties of the
medium. In transverse waves,

the constituents of the medium
oscillate perpendicular to wave
motion causing change its shape.
That is, each element of the
medium in subject to shearing
stress.

Wave on a String



Wave on a String

Medium-1 Medium-2

2

If a wave of particular frequency propagate
from one medium to another medium then
frequency remains unchanged. Velocity
of wave is medium dependent quantity,
it depends on properties of medium like
density, elasticity, inertia etc.

Frequency of wave is a property of source,
means it is decided by source.

Mathematical Description of Waves

We shall attempt here to evolve mathematical
model of the travelling transverse wave. For this,
we select a specific set up of the string and
associated transverse wave travelling from it. The
string is tied to a fixed end, while the disturbance
is imparted at the free end of the string by up and
down motion. For our purpose, we consider that
pulse which is small in dimension; the string is
homogeneous, light and elastic. The assumptions
are needed as we visualize a small travelling
pulse which remains undiminished when it moves

S‘\ Concept Reminder
Solids and strings have shear
M edulus, that is they sustain
shearing stress. Fluids have no
V1 %Nape of their own - they yield
to shearing stress. This is why
"%rahsverse waves are possible
in solids and strings (under
tension) but not in fluids.

Rack your Brain ﬂ

In a stretched string,

(1) Only transverse waves can
exist

(2) Only longitudinal waves can
exist

(3) Both transverse and
longitudinal waves can exist

(4) None of these

10.



through the strings. We also consider that the length of the string is long enough so that our
observation is not subjected to the pulse reflected at the fixed end.

For understanding purpose, we first take a single pulse as shown blow (irrespective of
whether we can see such pulse in practice or not). Our objective here is to find the nature
of a mathematical description which will enable us to determine displacement (disturbance)
of the string as pulse passes through it. We concieve two snap shots of the travelling pulse
at the two close time instants “t” and “t + At “ The single pulse is moving towards the right

in the positive x-direction.

L

t=t+At |
-

The vibration and the wave motion are at 90° to each other.

Three position along the x-axis named “1”7, “2” and “3” are denoted with three vertical dotted
lines. At any of two instants as shown, the positions of the string particles have different
displacements from the undisturbed position on the horizontal x-axis. We can conclude from
the above observation that the displacement in y-direction is a function of the positions of
particle in x-axis direction. As such, the displacement of a particle building the string is a
function of “x”.

Let us now observe the positions of the given particle, say “1”. It has fixed positive displacement
at time t = t, At next constant at t =t + At, the displacement has been reduced to zero. The

particle at “2” position has maximum displacement at t = t, but the same has reduced at t
=t + At. The third particle at '3' position has certain positive displacement att=1t, Att=1t

+ At, it acqures extra positive displacement and
reaches  the position of  maximum s(" . Concept Reminder
displacement. From these observations, we can L

conclude that displacement of a particle at
any position along the string is a function of “t”.
Combining two observations, we conclude that
displacement of a particle is a function of both (i)

position of the particle along the string and time.

In order for the function to
represent a wave travelling at
speed v, the quantities x, v and t
must appear in the combination
(x + vt) or (x — vt).

1.

Wave on a String
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y=Ffx1)

Further we can specify the nature of the mathematical function by the association of the
speed of the wave in our assumption. Let “v” be the uniform speed with which the wave
travels from the left end to the right end. We notice that the wave function for a given
position of the string is a function of time only as we are taking displacement at a particular
value of “x”. Let us assume left hand end of the string as origin of reference (x = 0 and t = 0).
The displacement in the y-axis direction (disturbance) at x = 0 is a function of time, “t” only :

y = f(t) = Asinwt

The disturbance travels to right at constant speed 'v. Let it reaches a point given as x = x
after time “t”. If we see to describe the origin of this disturbance at x = 0, then time elapsed
for the disturbance to move from the origin (x = 0) to point (x = x) is “x/v”. Therefore, if
we want to apply the function of displacement at x = 0 as given above, then we require to
subtract the time elapsed and set the equation is :

y:f[t—ijzAsinw(t—ij
v v

This can also be expressed as

- f(vt—xj . _f[x—vtj
\% \%

y(x, t) = g(x = vt)
using any certain value of 't' (i.e. at any instant), this shows shape of the string. If the wave
is travelling in —x direction, the wave equation is written as

y(x, ) = f(t +2)
Vv

The quantity '(x — vt)' is known as the phase of the wave function. As phase of the pulse has

constant value e

% . Concept Reminder
X — vt = const. voc

. o . dx The wavelength A of a wave is
Taking the derivative w.r.t. time — =v generally taken as the distance

dt
L ) between two successive crests or
where 'v' is the phase velocity although often two successive trough. To be more

knc?wn as wa\{e velocity. This is the Yelocity at specific, it is the distance between
which a particular phase of the dlsturbar}ce two consecutive points on the
travels through the space. In order to the function wave which have same phase

to represent a wave travelling at a speed 'V,

the quantities 'x), 'v' and 't' must appear in the

combination is (x + vt) or (x — vt). So (x — vt)? is

acceptable but x2 — v2 t2 is not.

12.



Describing Waves :

Two kinds of graph can be drawn the
displacement - distance and displacement-time.
A displacement-distance graph for the transverse
mechanical waves shows the displacement 'y' of
the vibrating particles of the transmitting medium
at the different distance 'x' from the source at a
certain instant i.e. it is as a photograph showing

Rack your Brain ﬂ

The equation of a simple
harmonic wave is given by
y = 2sing(50t— x), where x and y
are in metres and t is in seconds.
The ratio of maximum particle

shape of the wave at that certain instant. velocity to the wave velocity is
The amplitude of the wave a maximum (1) 2= (2

is displacement of each particle from its (3) 3 (4) 4n
undisturbed position. In the figure, it is OA or OB.

One wayelength
o >

>

>

Distance x

Displacement
o

@

Crest Trough Crest Trough

The wavelength A of a wave is generally taken as the distance between two successive
crests or two successive trough. To be more specific, it is the distance between two
consecutive points on the wave which have same phase.

A displacement-time graph may also be drawn for a wave motion, showing how the
displacement of one particle at a particular distance from the source varies with time. If
this is simple harmonic variation then the graph is a sine curve.

Wave Length, Frequency, Speed

If the source of a wave makes f vibrations per second, so they will the particles of the
transmitting medium. That is, the frequency of the waves equals frequency of the source.
When the source makes one complete vibration, one wave is generated and the disturbance
spreads out a distance A from the source. If the source continues to vibrate with constant

frequency f, then f waves will be produced per second and the wave advances a distance f
A in one second. If v is the wave speed then

13.
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Wave on a String

v=~FfA

This relationship holds for all wave motions.
Frequency depends on source (not on medium), v depends on medium (not on source
frequency), but wavelength depends on both medium and source.

Initial Phase :

At x = 0 and t = 0, the sine function evaluates to zero and as such y-displacement is zero.
However, a wave form can be such that y-displacement is not zero at x =0 and t = 0. In such
case, we need to account for the displacement by introducting an angle like :

y(x,t) = Asin(kx — ot + ¢)
where “¢“ is initial phase. At x = 0 and t = 0.

y(0,0) = Asin(¢)

The measurement of angle determines following two aspects of wave formatx=0,t=0:
(i) whether the displacement is positive or negative and (ii) whether wave form has positive
or negative slope. For a harmonic wave represented by sine function, there are two values
of initial phase angle for which displacement at reference origin (x = 0, t = 0) is positive and
has equal magnitude. We know that the sine values of angles in first and second quadrants
are positive. A pair of initial phase angles, say ¢ =n/3 and2n/3, correspond to equal

positive sine values are :
sin® = sin(x — 0)

To choose the initial phase in between the two values E& 2n . We can look at a wave
~ ~

motion in yet another way. A wave form at an instant is displaced by a distance At in very

small time interval At then speed of the particle att = 0 & x = 0 is in upward +ve direction
in further time At
Sr‘ _ Concept Reminder
—>»V C
¢ Equation of wave moving in +ve

x-direction is y = Asin® t—ij
%

;0,00\, \ + Equation of wave moving in —ve

. S . X
x-direction is y = Asin® t+—]
v

14.



Ex.

Sol.

Find the expression of the wave equation which in moving is +ve x direction and at
A
x=0,t=0y=—

J2

Let y=Asin(ot—kx+¢)
at t=0andx=0

:Asind>:>sind>:i

J2

s>

 3n
4’ 4

To choose correct phase angle ¢ we displaced the wave. Slightly in +ve x direction.

=

In above figure, particle at a move downward towards point b i.e. particle at x = 0 &

s
1

%’ = wAcos(ot—kx+¢)

have negative velocity which gives

at t=0,x=0
is cos¢ = —ve (from figure) ... (2)

from above discussion 3n/4 gives sing+ve and cos¢ negative i.e.
3n
6= 4

Note : Equation of wave which is moving in —ve x direction.

15.
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«—V
- Asi X
~ . _ y= Asmw(t +3 KEY POINTS N\
. \ attimet J
] Phase
Phase difference
it Path difference
y = Asinw . Time difference
D
e If(ot) & (kx) terms have same sign then the wave
move toward —ve x direction and vice versa and € .
with different initial phase. ¥ . Concept Reminder

Relation between phase

difference, path difference and

y = Asin(ot — kx) . .
Wave move toward+ ve xdirection time difference

y = Asin(-kx + ot)

Ap_ Ax At
21 A T

y = Asin(-kx — ot)
= Asin(kx + ot + ©) ; Wave move toward — ve x direction
y = Asin(kx + ot)

Relation between the Phase difference, the Path difference & the Time difference

A y
y "\\\ I'___/’f*\
i N / R
iy £ \
/ b4 \
/ / \
/ \ / \
! - - » X
\ ’,“
\ /
/
L
\_ﬁ //
\\\. 4
«— Xi =
+“— X9 >

16.



y, = Asin[ot —kx, + ¢]
y, = Asin[ot —kx, + ¢]

Ap = k(x, +x,)
2n
Ap = — AX .. (1
¢ . M
X X
t1:71, t2:72
At=t, -t
At = X
%
AX
At=—T ... (2
. (2)

From equation 1 & 2, we can tell relation between phase difference, path difference and
time difference which is

Ex.

Sol.

Ex.

Sol.

EXx.

Sol.

Ap _ Ax _ At

21 A T

Find phase difference between y = Asin[mt —kx +§] and y, = Acos(oat - kx)

Y, =Asin(mt—kx+§] and vy, =Asin[wt—kx+gj

T m 3n—-2n =«
- ==—-== =—rad.
b~ 9 2 3 6 6

Find out phase difference between given waves vy, =Asin(ot-kx+0.57) and

y, = Acos(ot —kx).
. T
Yy, = Asm[mt —kx +E]
Ap=¢, -, =157-0.57 = 1rad
In transverse wave distance of 5% and 9™ crest is 35 cm and 63 cm from centre of

oscillation of this wave takes 2 s to go from 5th to 9th crest. Find out wave length,
velocity, frequency of wave.

(i) 9crest —5crest = 42 (i) v :% 28

- (i) v =ni

17.
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EXx.

Sol.

EXx.

Sol.

EXx.

= 4)\ =28cm =v=14cm/s =14 =nx7

= A=7cCcm = n=2Hz

A man generate a wave in a string by moving his hand up and down. At t = 0 point in
his hand moves downward. The wave travels with speed of 3 m/s on string and his
hand passes 6 time in each second from mean position. Find out time taken by particle
which is situated at 3 m from his hand to reach at upper extreme.

gy 4

n=3Hz:>T=ls :>v=& =Ah=VT
3 T

:>k=3xl=1m
3

1
t1:3T><3><—:1S
3

Time = t o+t :1+l:1.253
4

In a stretched wire speed of wave 20 m/s and n = 50 Hz. Find phase difference between
particles separated by 10 cm from each other.

vV =n\ e .
$ . Concept Reminder
A= gm . -A_(I) — & v
5 “om A Relation between wave speed and

Ad  10x5 . maximum velocity of particle in a
> — = - Ad) = — . .

21 100 x 2 2 medium is
For a sound wave, path difference of 40 cm is ec v k
If speed = 330 m/s. Find n. (VP)max A

18.



Sol.

Ex.

Sol.

Ap _ &

27 A
1.6 40

16 _ _40x2x10 1
2 %100

=
100 x 16 2

v=nk =n=330x2 =660HzZ

If equation of plane progressive wave is

given byy =10 sin{QOOnt —%X} Find out

(a) DOP
(c) Amplitude ( d
Angular frequency

(b) Nature

)

(e) Time period (f) Wave

speed
(g) Wave length ( h
Maximum velocity

y =10 sin{QOOnt - %X}

(@) (+x) direction
(b) Transverse
(c) 10cm

d ®=200n

o 200m 100

..n=100Hz

(e)

2007

o —1800cm /s
k =n/9
T
9

f v=

:E:g = A=18cm

(8 k= .

Vv = Ao = X T = 2T X cm/s
() Via = Ao =10x2007 =21 x10° cm /

Velocity and Acceleration of a Particle in a Wave
Velocity of in a medium particle (v)
As we know that y = Asin(ot + kx)

= 2—{ = Alcos(ot £ kx) (0w x 1+ 0)]

= v, = Aot cos(mt + kx)

S‘ ~ Concept Reminder

velocity of particle at a given
point = (=) wave velocity x slope
of wave at that point. (Slope of
wave is also called as wave strain)

19.
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Acceleration of particle in a medium (a)

Ex. If equation of plane progressive wave y =y,
sin(wt-kx) and here wave velocity
= maximum particle velocity. Find out

Sol.

Relation Between wave Velocity and Particle
Velocity

Let (M

and ... (2)

From equation 1 & 2

velocity of particle at a given point = (=) wave
velocity x slope of wave at that point. (Slope of
wave is also called as wave strain)

From equation 1& 2

20.



This is the differential equation of harmonic progressive waves.

Note :
y
A
t=0
e
\//\\/x
y = A sin [kx — ot]
b4
t=0
[N
\/\"‘
y = A sin [ot - kx]
y
t=0
*—
\//\\/ X
y = Asin [ot + kx]
Note :-

If y=1f(ax +bt) represent travelling wave function then-

Py _ 1y

x> v?ot?

(ii) For any value of x & t y should be finite.

Ex. If given wave is moving along (+x) direction. Find out which of the particle have

(i) y = satisfy

21.




Wave on a String

v

D F
E
(a) upward velocity
(b) downward velocity
(c) zero velocity
Sol. VvV, = _V(+) == Vg = V(O) =0 Ve = _V(_ =
Vp =-V(-) =+ ve =-v(0)=0 Ve = —V(+) =—

Vg =-V(+) = — v, =-V(+) = -
Short trick

* B H

A

Ex. If a wave of n = 500 Hz move from point x
to y and travel a distance 600 m in 2 s. Find
number of waves between x and .

Sol. n=500Hz,d=600m,t=2s

v=9_599 550m/s
t 2

VvV =ni

300 =500x%x A

kzgm
5

Number of waves between x and y
600

=1000

v, =-v(-)=+

Definitions

The maximum amount of energy
passesfromunitareain unittime
in direction of wave propagation
is known as intensity.

% . Concept Reminder

-

E J
* |: max
Axtim?/s

P Watt
* | = —
Al m?

22.



Alternate method
no. of waves in 1 seconds = 500
no. of waves in 2 seconds = 500 x 2 = 1000

Srf\\ Concept Reminder

Ex. Equation of  wave is given by
y = 8sin(0.5tx — 4t + %). Find out velocity of Intensity of mechanical wave is
| = 2n%a’n’pv
wave

Sol. y =8sin(0.5nx — 4nt +%)

So, v=2= 4n =8m/s
k 0.5¢

Ex. If the given wave moves along +x direction
with speed of 330 m/s. Find out velocity of

particle p.

Ya

>+X
Sol. v=330 m/s
tan30° = L
J3
v, =-330x L —110\/§m / s (Downward)

7

Intensity :

The maximum amount of energy passes from unit
area in unit time in direction of wave propagation
is known as intensity.

Wave on a String



I—E Watt
Al m?

Intensity of mechanical wave
M=volxp=Axlxp=Axvxtxp

1

_MV2 2
E - AXVxTxpxV
|= max =2 P :>|=lx pmax
Axt Axt 2 Axt
1
v, =ao=a(2m) = I=E><v><p><(27cn::1)2
= |=2r"a’n’pv

Note :
(i) If medium is same then v and p are constant so |« a’n’

(ii) If medium and source are same then v,p,

n = constant so | « a>

o e
Ex. Find |—1 for waves shown in figure
2

Sol. |« a’n?

24,



I
Ex. Find |—1 for waves shown in figure
2

Ya
Qr-mrmamtt 1

5‘\\\ Concept Reminder

The speed of a mechanical wave is
determined by the inertial (linear
mass density for strings, mass
density in general) and elastic

Sol. |« a’n?

properties (Young’s modulus for
linear media/ shear modulus, bulk
modulus) of the medium.

Wave front — An imaginary surface on which waves incident perpendicular

& in same phase.

Source Source at infinite
distance (Sun, Torch,
Loud Speaker)

Area of wavefront A=lxb
A = const.
1 2 | = constant
| Area * 2

Variation during
propagation

a = constant

Equation y = a sin (ot - kx)

Plane progressive wave

Point source
(Bulb, small siren)

A = 4nur?
A ec r?

1

| OCFOC s

1
accr

y = £ sin (ot - kx)

Spherical progressive
wave

Linear source
(Tubelight)

A = 2mrl
Awcr

1

|OC?0532

a oc

S

Y= %sin (ot - kx)

i

Cylindrical progressive
wave

25.
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Wave on a String

Ex. A source is placed at a distance of 10 m.
The power of source is 100 watt. Determine

intensity.
sol. © 10m I=2
P =100 watt
|:E: 100 :iwatt/m2
A 4n(10)?  4n
Ex.
10m | =100
=7
Sol. |« il
A
Aoxr?

2 2
l, {QJ 100 (zoj
L = = = — = —
|2 r, |2 3
= |, =25 watt / m?

The Linear Wave Equation

Rack your Brain ﬂ

A string is stretched between
fixed points separated by 75.0
cm. It is observed to have
resonant frequencies of 420 Hz
and 315 Hz. There are no other
resonant frequencies between
these two. The lowest resonant
frequency for this string is

(1) 105 Hz (2) 155 Hz

(3) 205 Hz  (4) 10.5 Hz

By using wave function y = Asin(ot —kx + ¢), we can describe the motion of any point on

string. Any point on string moves only vertically, and so its 'x'-coordinate remains constant.
The transverse velocity v, of a point and its transverse acceleration a, are therefore.

dy
V., = | —
y |:dt jlxconstant

= Z—Z = wAcos(ot —kx + ¢)

dv
dt x=constant

Loy _ Py
ot ot?

= —0’Asin(ot — kx + ¢)

. ()

. (2)
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The transverse velocity and the transverse acceleration of any point on the string don't
reach their maximum value simultaneously. In fact, the transverse velocity reaches its
maximum value (@A) when the displacement y = 0, whereas the transverse acceleration

reaches its maximum magnitude (o’A) wheny =+ A

further
dy =Y A cos(ot —kx + ¢) e (3)
dt x=constant ax
2
= 8_32/ = kA sin(ot —kx + ¢) e (4)
OX
oy ® oy
From (1) & (3) —=-——
M&E ot k ox

= v_=-v_ xslope
p w

i.e. if the slope at the any point is negative, the particle velocity for a wave moving along the
positive 'x'-axis i.e. v is positive and vice versa.

Ya

For example, assume two points 'A' and 'B' on the y-curve for a wave, as shown above. The
wave is moving along the positive x-axis.

Slope at 'A' is positive therefore at the given moment, its velocity will be negative. That
means it is coming downward. Reverse is the situation for the particle at point B.

Now using equation (2) & (4)

Py_Kdy dy_13y
ox? o ot? ox? v? ot

This is called the linear wave equation or the differential equation representation of travelling
wave model. We have created the linear wave equation from the sinusoidal mechanical
wave travelling across a medium. But it is much more general. The linear wave equation
successfully defines waves on strings, sound waves and also electromagnetic waves.

Thus, the above equation can be given as,

27.
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Wave on a String

o’y o’y
E = V2 E ...(a)

The general solution of this equation is of the form
y(x,t) = f(ax £ bt) ... (b)

Thus, any function of 'x' and 't' which satisfies the Eq. (a) or which can be written as the Eq.
(b) represents a wave. The only condition is that it must be finite everywhere and at all the
times. Further, if these conditions are fulfilled, then speed of wave (v) is given by,

y(x,t) = f(ax £ bt)

Thus plus (+) sign between 'ax' and 'bt' shows that the wave is travelling along negative
x-direction and minus (=) sign shows that it is travelling along positive x-direction.

Ex. Verify that the wave function
- 2
T (x—3t) +1
is a solution to linear wave equation 'x' and 'y' are in cm.
Sol. By taking the partial derivatives of this function w.r.t. x and to t.
O’y 12(x-3t)’ -4
o [(x-3t + T
o’y  108(x — 3t)* - 36
ot [(x—3tyY +1F
o> 9ot’
Comparing with the linear wave equation, we see that the wave function is solution to
the linear wave equation if speed at which pulse moves is 3 cm/s. It is apparent from
the wave function therefore it is a solution to the linear wave equation.

y

and

Ex. A wave pulse is travelling on the string at 2 m/s and displacement y is given as

2
Y= t? + 1
Find
(i) Equation of a function y = (x, t) i.e., displacement of a particle position 'x' and time
it

(ii) Shape of the pulse at timet=0and t=1s.

Sol. (i) By replacing t by Et —ij , we can get the desired wave function i.e.,
v

28.



(ii) We can use the wave function at a particular instant, say t = 0, to find the shape
of the wave pulse using the different values of x.

2
at t=0 y = z
—+1
4
at x=0 y=2
X =2 y =1
X =-=2 y=1
X =4 y=0.4
X =-4 y=0.4
Using these value, shape can be drawn.
Ya
5
il

Similarly for the time t = 1s, shape can be drawn.
Here is the procedure.

2
(1—% +1
2

at x=2 y = 2 (maximum value)
at x=0 y=1
at x=4 y=1
Ya
2,
-1
——— | o
-2 2 4 6
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Wave on a String

Ex.

Sol.

The pulse has moved to right by 2 units 1 s e .
interval. % . Concept Reminder
Also as t -2 = constt. For waves on a string, the restoring
force is provided by the tension T
Differentiating w.r.t. time in the string. The inertial property
1_1 dx _ - %:2 will in this case be linear mass
2 dt dt density p, which is mass m of the

string divided by its length L.

A sinusoidal wave travelling in the positive

x-axis direction has an amplitude of 15 cm,

wavelength of 40 cm and frequency of 8 Hz. The vertical displacement of medium
att =0 and x = 0 is also 15 cm, as shown

y(cm)

< S >
\ /\ »Xx(cm)

(a) Calculate the angular wave number, period angular frequency and speed of the
wave.
(b) Find the phase constant¢, and write a general equation for the wave function.

(@ k =%= 2nrad =irad/cm
1

40cm 20
T =
f
v=fL=320cm/s
(b) Itis giventhatA=15cm
andalsoy=1%cmatx=0andt=0
then using y = Asin(ot —kx + ¢)

15 =15sin¢y = sindp =1

=1s, ®w=2nf=16s"
8

Therefore, the wave function is

y = Asin(ot — kx +g)

30.



= (15) sin {(16n)t - [%) X + g} S‘-‘ . Concept Reminder

. f h i
Speed of A Transverse Wave On the String Speed of wave on stretched string

Consider a pulse travelling along the string with s V= \/f
a speed 'V' to the right. If the amplitude of the
pulse is small compared to length of the string,
the tension 'T' will be approximately constant
along the string. In the reference frame moving with the speed 'v' to the right, the pulse
in stationary and the string moves with the speed 'v' to the left. Diagram shows a small
segment of the string of length Al. This segment makes part of a circular arc of radius 'R..

Instantaneously the segment is moving with a speed of 'v' in a circular path, so it has
centripetal acceleration v?/R. The forces acting on segment are tension 'T' at each end.
The horizontal component of these forces are same and opposite and show cancel. The
vertical component of these forces point radically inward towards the centre of the circular
arc. These radial forces provide centripetal acceleration. Let the angle subtended by the
segment at centre be260. The net radial force acting on segment is

“ 0.9/
k-~
() (b)

Fig. (@) To obtain the speed 'v' of the wave on a stretched string. It is convenient to characterize
the motion of small segment of the string in a moving frame of reference.
Fig. (b) In the moving reference frame, the small segment of length Al moves to the left with

the speed of 'v. The net force on segment is in radial direction because the horizontal
components of tension force cancel.

D> F =2Tsin6 =2T6

31.
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Where we have used approximation sin® ~ 6 for small 6.
m = pAl = 2uR6 (as Al = 2R0)

N

myv
From Newton’s second law »'F =ma = =

VQ
or 2T6 = (2uR0) (Ej

T
V= |—
u

Ex. Find the speed of the wave generated in a string as in the situation shown. Suppose
that the tension is not affected by the mass of the cord.
ALY

500 gm/m

20 kg

Sol. T=20x%10 =200 N
v=1/&=20m/s
0.5

Ex. A taut string having the tension 100 N and the linear mass density 0.25 kg/m is used
inside a cart to produce a wave pulse starting at the left end, as shown below. Find the
velocity of the cart so that pulse stays stationary w.r.t ground.

32.



T
Sol. Velocity of pulse = \/g =20m/s

Ex.

Sol.

Ex.

Now Vo = Ve T Vee
0:20|+vCG
V. =-20im/s

One end of the 12.0 m long rubber tube with
a total mass of 0.9 kg is fastened to the
fixed support. A cord attached to the other
end passes over a pulley and supports an
object of 5.0 kg. The tube is struck, creating
a transverse blow at the one end. Find the
time needed for the pulse to reach other
end (g = 9.8 m/s?)

Tension in rubber tube AB, T = mg

T =(5.0)(9.8)= 49N
or
Mass per unit length of rubber tube,
_99 _ 6 o75kg /m
12

Speed of wave on the tube,

vV = 1:1[ 49 =2556m/s
0.075

The required time is,

t=28__2 _o47s
\Y 25.26

A uniform rope of the mass 0.1 kg and length

2.45 m hangs from a ceiling

(a) Calculate the speed of transverse

wave in the rope at a point 0.5 m distant

from lower end.

(b) Calculate the time taken
by the transverse wave to
travel the full length of the
rope.

A

¥ . Concept Reminder

Speed of transverse mechanical
wave is greater in hollow wire than
the solid wire of same material,
same radius under same tension.

i

33.
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Wave on a String

Sol. (a)

or

(b)
or
Note :-
T
vV, = [—
u

As string has mass and it is suspended
vertically, the tension in it will be
different at the different points. For a
point at a distance 'x' from the free
end, the tension will be due to weight
of the string below it. So, if 'm' is the

mass of string of length 'l, the mass of

length 'x' of the string will be, (?Jx

B (o

T
_:Xg
T

1
V=\/E=JE . ()

Atx=05m, v=+0.5%x9.8=221m/s

From the Eqg. (i) we see that the
velocity of the wave is different at the
different points. So, if at point 'x' the
wave travels a distance dx in time dft,
then

dx dx
dt=—=—
Vo Jex
t ldX
dt= | —
Jor- |
t=2 L:2 2£ =10s
g 9.8

this is the velocity of wave with

respect to string
where T = tension in wire
u — Mass per unit length of wire / linear mass

s!" _ Concept Reminder

Speed of transverse mechanical
wave is greater in thin wire than
the thick wire of same material,

same density under same tension.

oo
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density / linear density

Mo | kg Sr‘ . Concept Reminder
S )

M, Volumexdensity (AL)p vy = \/f = /L = /LQ

ST L L B VAP Nmrp
T T T

uw=Ap=nr’p| So, VT:\/::/_:f_2

u Ap rep

where A = cross-section area of wire
r = radius of wire
p = density of wire
Note :-
(1) Speed of transverse mechanical wave is greater in hollow wire than the solid wire of

. . . 1
same material, same radius under same tension. (V o —

I

(2) Speed of transverse mechanical wave is greater in thin wire than the thick wire of same

. . . 1
material, same density under same tension. (v oc —)
r

Results :-

m

35.
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o\ u

(1) From (1) & (2)

h=\/ Mg =\/ Vog [ 1
v, \Mg-Vpg \Vog-Vpg ,1_P

(o)
v, 1 p — density of liquid
= —=|— . .
v, 4_P | o—densityof solid
(e

(2) In solid wire

y _\/f_ fl_\/Stress _\/yxstrain
T\ VAp P P

means| v, = v +/strain

(3) Strain= A—l V. = ixA_l
L p

(4) Thermal strain:- (o A0)

vV, = i>< o« AB | a = coefficient of thermal expansion
p

Ex. Find out the ratio of v, in both identical wire

\Y; T
Sol. = \/_1

VT2 \/f
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N

mg

Yoo 898 _m o,
= v, \20g m e

Ex. Find out v, in given thick rope at point A, B, C. If length of rope is (L) and Mass is (M)

TA
Sol. AtA, Va =,
u
&
T,=0
v, =0
AtB AtC B
T, fTC
B i c m
Mg
T, =Mg Ve = ™ A
L
Mass of Length L > M Ve =4/L.g

Mass of unit Length —>%

Mass of length x — %x X

37.




Wave on a String

Ex.

Sol.

Ex.

Sol.

EXx.

Find out time taken by transverse wave to reach from point A to C in previous ques.

. d
Acceleration of wave = vd—V = % = const.

X

Y
ﬁ
oa |

Alternate Method :

gx:j—z jd

T1
of_

L
= t= ij'mdx =t= i2[x1/2]'(') =t= 2\/%

Jeo Je

Two wires of different densities but same
area of cross section are joined together
at their one end and other ends of wire
are stretched to a tension ‘T’ If speed of
transverse wave in one wire is double of
other, find out the ratio of densities.

fTJ? f_

=, |—=,/—=>Vx |-

u Ap p

Vi _[pp 2 m
===/ = 4

Vv, P4 \ P4

p,ip,=1:4

P,

A 4 kg block is attached to one end of

Rack your Brain ﬂ

Ifn,,n,and n,are the fundamental
frequencies of three segments
into which a string is divided,
then the original fundamental
frequency n of the string is given

by

O L
n n1 n2 n3
@ -, 1, 1
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Sol.

Ex.

Sol.

Ex.

Sol.

string and other end of string is attached
with ceiling of a lift moving upward with
acceleration of 2m/s?. If linear mass density
of wire is 19.2 x 10~® kg/m, find speed with
which wave travel along string.

T=mg+ ma

= T=m(g+a) =4 x (10+2) =4 x 12 =48 N

2
Vo = I: 4—873=£=50m/5
n \19.2 x 10 2

A string of 2.5 kg is under some tension.
The length of stretched string is 20 m.
If transverse wave at one end of string
taken 0.5 s to reach at the other end.
Find T

d=20m
t=05s
v:g:£x10:40m/s

t 5
ve b L 40xa0-299 1

25
_|_=40><40><25=2OON
200

In the diagram, string has M = 4.5 g. Find
time taken by a transverse wave produced
at floor to reach the pulley.

y _F_ [2x10x2.25
" Vm \ 45x10°
A

25cm

2m

¥ . Concept Reminder
Average rate of transmission of
kinetic energy is

dk
e 1 UVe’A?
dt 4

39.
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= Vv, =v10x10” = v, =100m /s

Ex. The length of a wire is 4 m long and has a
mass of 0.2 kg. The wire is kept horizontally.
A wave is generated by plucking one end of
wire. If the wave pulse makes 4 trips back
and forth in 0.4 sec. Find tension in wire.

SOL V:E:M:80m/s
t 4
—>
4m
‘—

V:\/f:go: /W:T:Q}QON
u

Energy Calculation In Waves :

(a) Kinetic energy per unit length

The velocity of the string element in the transverse
direction is greatest at the mean position and
zero at extreme positions of the waveform. We
can find expression of transverse velocity by

y = Asin(kx — wt)

Differentiating partially w.r.t. time, the expression
of particle velocity is :

_ Oy
P ot
In order to calculate the kinetic energy, we
consider a small string element of length “dx” of
having mass per unit length “n“ The K.E. of the
element is given by

v = —wA cos (kx — ot)

dK = %dmvf, = %udxmzA2 cos’(kx — ot)

This is the K.E. associated with the element in
the motion. Since it involves squared of cos

Sr‘ _ Concept Reminder

The elastic potential energy of the
string element results as string
element is stretched during its

oscillation.

Sr‘ ~ Concept Reminder
Greater extension of string
element corresponds to greater

elastic energy.

40.



function, its value is the greatest for a phase of
zero (mean position) and zero for the phase of g

(maximum displacement)
Now, we get K.E. per unit length, “KL”, by dividing
this expression with the length of small string
considered :

K = 3—5 = %uszQ cos’*(kx — ot)
The rate, at which K.E. is transmitted, is obtained
by dividing expression of kinetic energy by small
time element, “dt” :

dK 1 dx

_“E

— = ®’A” cos®(kx — ot)
dx 2
But, the wave or the phase speed, 'V} is time rate

of position i.e. j_)t( Hence,

dK
dt
Here K.E. is a periodic function. We can obtain
the average rate of transmission of K.E. by
integratingthe expressionforintegralwavelengths.
Since only cos’(kx — wt) is the varying entity, we

= %uvoozA2 cos’(kx — ot)

need to find average of this quantity only. Its
integration over integral wavelengths give a value

1 .
of oR Hence, average rate of transmission of K.E.

is :

dK
Pa 1.1 uo’A* = 1 Ve A?
dt 2 2 4

(b) Elastic potential energy:-

The elastic potential energy of string element
results as the string element is stretched during
its oscillation. The extension or stretching is
maximum at the mean position. We can see in
the diagram that the length of the string element
of equal x-length “dx” is greater at the mean

&

Two identical piano wires, kept
under the same tension T have
a fundamental frequency of 600
Hz. The fractional increase in
the tension of one of the wires
which will lead to occurrence of
6 beats/s when both the wires
oscillate together would be

(1) 0.04 (2) 0.01

(3) 0.02 (4) 0.03

Rack your Brain
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Wave on a String

position than at the extreme. As a matter of the
fact, the elongation depends on slope of the
curve. Greater slope, greater is elongation. The
string has the least length when the slope is zero.
For illustration purpose, the curve is deliberately
drawn in such a way that the elongation of string
element at mean position is highlighted.

A A A V'

A AW
o ©

VAR

Fig : The string element stretched most at the
equilibrium position

®)

Greater extension of the string element
corresponds to the greater elastic energy. As
such, it is greatest at the mean position and zero
at extreme position. This deduction in contrary to
case of the SHM in which the potential energy is
greatest at the extreme position and zero at the
mean position.

Potential energy per unit length:-

When string segment is stretched from the length
dx to the length ds the amount of work = T (ds
— dx) is done. This is equal to potential energy
stored in stretched string segment. So, the P.E.
in this case is :

Sr‘ _ Concept Reminder
Average rate of transmission of
elastic potential energy is
du 1
2 — _uvo’A?
dx 4

S?‘ _ Concept Reminder

The average power transmitted
by wave is equal to time rate
of transmission of mechanical
energy over integral wavelengths.

It is equal to :
dE 1 1
avg 272 2 a2
= =2X—uvo'A° = —uvo A
avg o 2“ 2M
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X X + dx

U=T(ds-dx)

Now ds = /(dx® + dy?)

&

from the binomial expansion

2
e} ds ~ dx + 11dy dx
2 dx
1_(ayY
U= T(ds —dx) z—T[—yj dx
2 | ox
or the potential energy density
2
Y 1y . ()
dx 2 | 0x
dy = kA cos(kx — ot)
dx
and T=v
Put above value in the equation (i) then we get
du 1 , ., 5
— = —uw°A° cos’(kx — ot
oM (kx — ot)

Rate of transmission of the elastic potential

energy

The rate, at which the elastic potential energy is
transmitted, is obtained by dividing the expression
of kinetic energy by the small time element, “dt”.
This expression is same as that for kinetic energy.

v _ lucozA2 cos®(kx — ot)
dx 2

Sr‘ _ Concept Reminder

The average energy per unit
volume in travelling wave on string

. 1 252
is —pvo A
29

43.
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and average rate of the transmission of elastic potential energy is

dUavg_ 1.1 )
dx 2 2

(c) Mechanical energy per unit length:-

Since the expression for elastic potential energy is same as that of K.E., we
get mechanical energy expression by multiplying the expression of kinetic
energy by “2”. The mechanical energy associated with small string element,

“dx”, is :

dE = 2xdK = 2x %dmvf, = ndxw’A? cos?(kx — wt)

Similarly, the mechanical energy per unit length is :

_dE _
dx

= nw’A? cos’(kx — ot)

E, 2x %M(DQA2 cos’(kx — ot)

(d) Average power transmitted:-

The average power transmitted by the wave is equal to time rate of
transmission of mechanical energy over integral wavelengths. It is equal to :

_ dEavg 1

1
P = 2X — uV®’A? = — pve’A?
o 2!

avg d X

If mass of string is given in terms of the mass per
unit volume, “p“ then we make appropriate

change in the derivation. We exchange ¥ by “ps “

where “s” is the cross section of the string :

1 22
= —pSVmA
213

avg

(e) Energy density:-

Since there is no loss of energy associated, it
is expected that the energy per unit length is
uniform throughout string. As much energy enters
that much energy goes out for the given length of
string. This average value along the unit length of
the string length is equal to the average rate at
which the energy is being transferred.

The average mechanical energy per unit length
is equal to the integration of the expression over
integral wavelength

1 1
E = 2X — UWo°A? = — uvm?A?
L i oM

avg

Definitions

Superposition Principle

When two or more waves
superpose on a medium particle
than the resultant displacement
of that medium particle is
given by the vector sum of
the individual displacements
produced by the component
waves at that medium particle
independently”.
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We have derived this expression for the harmonic wave along a string. The concept, however,
can be extended to 2-D or 3-D transverse waves. In the case of three dimensional transverse
waves, we consider the small volumetric element. We, then, use density, p, in place of the
mass per unit length, 1. The corresponding average energy per unit volume is referred as

the energy density (u) :

1 2p2
—pVO A
29

(f) Intensity:-
Intensity of wave (l) is defined as the power transmitted per unit cross section area of the
medium :

A 1
| = psve? — = — pv*A?
P 2s 2 P

Intensity of the wave (1) is a very useful concept for 3-D waves radiating in all the direction
from the source. This quantity is usually referred in the context of the light waves, which is
transverse harmonic wave in 3-D. Intensity is defined as power transmitted per unit cross
sectional area. Since the light spreads uniformly all around, intensity is equal to power
transmitted, divided by the spherical surface drawn at that point with the source at its
centre.

Phase difference between the two particles in the same wave :

The general expression for the sinusoidal wave travelling in the positive x direction is

y(x,t) = sin(ot — kx)
E" of particle at x, is given by y, = Asin(ot —kx,)
E" of particle which is at x, from the origin

y, = Asin(ot —kx,)
Phase difference between particles is k(x, — x,) = Ad

kAX = Ap = AX = A?q)
Principle of Superposition:
This principle defines displacement of a medium particle when it is oscillating under
influence of two or more than two waves. The principle of the superposition is stated as :
“When the two or more waves superpose on amedium particle thanthe resultant displacement
of that the medium particle is given by vector sum of the individual displacements produced
by component waves at that medium particle independently”.

Let 511,512, ....... §N are the displacements produced by N independent waves at a medium

particle in absence of others then displacement of that medium, when all waves are
superposed at that point, is given as

45.
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Y=Y+ Y, + Yyt Yy
If all waves are producing oscillations at that point
are collinear then the displacement of medium
particle where superposition is taking place may
be simply given by algebraic sum of the individual
displacement. Thus we have,

The above eqgn. is valid only if all the individual

displacements y,, y, ........... y, are along the same
straight line. A simple example of superposition
can be understood by the figure shown.
Suppose that the two wave pulses are travelling
simultaneously in the opposite directions as
shown. When they overlap on each other, then

s!" _ Concept Reminder
Applications of Principle of
Superposition of Waves

(1) Interference of Wave

(2) Stationary Waves

(3) Beats

Sr‘ _ Concept Reminder
Interference is the phenomenon
of superposition of two coherent

waves travelling in same direction.

the displacement of the particle on the string is the algebraic sum of the two displacement
as displacements of the two pulses are in same direction. Figure also shows the similar
situation when the wave pulses are in the opposite side.

¥
AY \
\" P
Yor R / \
\Y // \ /Y, %
Yot A= =4 // ARRN = R 4 L o
N S 3%
v
y
NG vV
IV A
yg——
\ /) Ys
yq-— = y2 &
Y, »X ‘y1l
J—
v
llY Y
R ~
[ S
I N T Ny
»X ~ =
Vv
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(b)

Applications of Principle of Superposition
of Waves:-

There are many different phenomenon
which takes the place during superposition
of two or more wave depending on wave
characteristics which are being superposed.
We’ll discuss some standard phenomenon’s,
and these are :

(1) Interference of Wave

(2) Stationary Waves

(3) Beats

Interference of Waves:-

Suppose the two sinusoidal waves of the
same wavelength and amplitude travel in
the same direction along the same straight
line (may be on a stretched string) then the
superposition principle can be used to define
resultant displacement of every medium
particle. The resultant wave in medium
depends on extent to which the waves are
in the phase w.rt. each other, that is, how
much one wave form is shifted from other
waveform. If the two waves are exactly in
same phase, that is the shape of one wave
exactly fits on to the other wave then they
combine to double the displacement of
the every medium particle as shown in the
figure (a). This phenomenon we call as the
constructive interference. If superposing
waves are exactly out of the phase or in
the opposite phase then they combine to
cancel all displacements at every particle
of medium particle and medium remains
in the form of a straight line as shown in
figure.
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This phenomenon we call the destructive interference. Thus we can
state that when the waves meet, they interfere constructively if they
meet in the same phase and destructively if they meet in the opposite
phase. In either case wave patterns don't shift relative to each other
as they propagates. Such superposing waves which have the same
form and the wavelength and have a fixed phase relation to each
other, are called the coherent waves. Sources of the coherent waves
are called the coherent source. Two independent sources can never
be coherent in the nature because of practical limitations of the
manufacturing process. Generally all the coherent sources are made
either by splitting of the wave forms of a single source or different
sources are fed by the single main energy source.

In simple words interference is phenomenon of superposition of the
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two coherent waves travelling in the same
direction.

We’ve discussed thatresultant displacement
of a medium particle when the two coherent
waves interfere at that point, as the sum or
difference of the individual displacements
by the two waves if they are in same phase
(phase difference
=0,27,....... ) or opposite phase (phase

difference = x,3m,.....) respectively. But two

waves can also meet at a medium particle
with the phase difference other then 0 or
27, say if phase difference ¢is such that O

< ¢ < 2m, then how is the displacement of

point of superposition given ? Now we
discuss the interference of the waves in

details analytically.
Analytical Treatment of Interference of
Waves

S1\

s

\X’\y; A sin(ot + kx)

b

e
.

//92: A, sin(ot + kx,)
P
/// 2
S;

Interference implies super position of the
waves. Whenever the two or more than two
waves superimpose each other they give
the sum of their individual displacement.
Let the two waves coming from the sources
S, &S, be

y, = A, sin(ot +kx,)

y, = A, sin(ot +kx,) respectively

Due to superposition
ynet = y1 + y2

KEY POINTS \

Superposition
Interference
Coherent sources

s!" _ Concept Reminder
Assuming there is no absorption
of energy by the boundary, the
reflected wave has the same
shape as the incident pulse
but it suffers a phase change
of m or 180°n reflection. This is
because the boundary is rigid and
the disturbance must have zero
displacement at all times at the
boundary.
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Phase difference between

i.e.,
As

(where = path difference & = phase difference)

(as )

When the two displacements are in the phase, then the resultant amplitude will be sum
of the two amplitude &I will be maximum, this is known of constructive interference.
For | .. to be maximum

where n = {0]1,2,3,4,5........... }

For constructive interference

When
| =41

A=A A,
When the superposing waves are in the opposite phase, the resultant amplitude
is the difference of two amplitudes & |, is minimum; this is known as destructive
interference.

For | .. to be minimum,

where n ={0]1,2,3,4,5........... }

t

For destructive interference

net
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EXx.

Sol.

EXx.

Sol.

A=A -A,

net

IRAENS;
Imin (\/E - \/E)2
Generally, | =1 +1, + 2@ cos ¢
If =1 =1

1 2

Ratio of

|, =2I+2lcosé¢

Ad

|, = 2l(1+ cos ¢) = 4lcos’ >

Wave from two source, each of the same frequency and travelling in the same direction,
but with the intensity in the ratio 4 : 1 interfere. Find ratio of maximum to minimum
intensity.

o (g {1 -

2

min

-1

The triangular pulse moving at 2 cm/s on the rope approaches an end at which it's free
to slide on a vertical pole.

2 cm/s
—

(a) Draw the pulse at %s interval until it's completely reflected.

(b) What is the particle speed on trailing edge at the instant depicted ?
(a) Reflection of the pulse from a free boundary is really the superposition of two
identical waves travelling in opposite direction. This can be shown as under.

51.
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EXx.

Sol.

In every %s, each pulse (one real

moving towards the right and one

imaginary moving towards the left
travels a distance 1 cm, as the wave
speed is 2 cm/s.)

(b) Particle speed, v, = |-v x (slope)|
Here, v = the wave speed = 2 cm/s and
slope = 1
P 2

Particle speed =1 cm/s

Diagram shows the rectangular pulse and
the triangular pulse approaching towards
each other. Pulse speed is 0.5 cm/s. draw
the resultant pulse att=2s

—x (cm)

In 2 s each pulse travels a distance of 1 cm.
The 2 pulses overlap between 0 and 1 cm
as shown in the figure. So, A and A, can be
added as shown in the figure (c).

—>

(@)

()
(b)

S(.‘ Concept Reminder
Amplitude of standing wave is not
constant but varies periodically

with position.

sf‘ _ Concept Reminder

The nodes divide the medium
into segments (or loops). All the
particles in a segment vibrate in
same phase, but in opposite phase
with the particles in the adjacent

segment.

2cm

2cm

0 1 2

Resultant pluse

att=2s
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Standing Waves

The standing wave is formed when the two
identical waves travelling in the opposite
directions along the same line, interfere.

On the path of stationary wave, there are points
where amplitude is zero, they are defined as
NODES.

On other hand, there are points where amplitude
is maximum, they are defined as ANTI-NODES.

The distance between two consecutive nodes or

. . LA
two consecutive anti-nodes is E
The distance between the node and the next

anti-node is &
4

Consider the two waves of the same frequency,
speed and amplitude, which are travelling in the
opposite directions along the string. Two such
waves can be represented by the equations

y, =asin(kx - ot) and

y, = asin(kx + ot)
Hence the resultant may be written as
y =Yy, +Yy, =asin(kx — ot) + asin(kx + ot)

y = 2asinkxcos ot

This is the equation of a standing wave.

Hence we can deduce :

1.  Asthis equation satisfies the wave equation,
Py _13y
dx®  v2 dt?
it represents a wave. However, as it isn't of
the form f (ax + bt), the wave is not travelling
and so it is called standing or stationary
wave.

2. The amplitude of the wave
A, = 2Acoskx

isn't constant but changes periodically with
position (and not with time as in beats).

KEY POINTS \

Standing wave
Stationary wave
Node
AntiOnode

Definitions

On the path of the stationary
wave, there are points where
the amplitude is zero, they are
known as NODES. On the other
hand, there are points where
the amplitude is maximum, they
are known as ANTINODES.

sf" ~ Concept Reminder

s

As in stationary waves nodes are
permanently at rest, so no energy
can be transmitted across them,
i.e., energy of one region (segment)

is confined in that region.
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The points for which the amplitude is min. are called nodes and for
these

coskx =0, ie., kxzf,i,ﬁ
2 2 2
. A 3A BA 27
e, X=—,—,—,....|lask=—
4’4 4 A

i.e., in a stationary wave, nodes are equally spaced.

The points for which the amplitude is max. are called anti-nodes and
for these,

coskx =t1i.e., kx =0,n, 2x, 3m,......

e, x= O,&,%,%,.... ask = 2l
2 2 2 A

like nodes, the anti-nodes are also equally spaced with the spacing

(A/2) and A__ = *2A. Furthermore, nodes and the anti-nodes are

alternate with spacing (L, /4).

The nodes divide the medium into the segments (or loops). All
particles in a segment vibrate in the same phase, but in the opposite
phase with the particles in adjacent segment. Twice in one period all
particles pass through their mean position simultaneously with the
maximum velocity

(A o), the direction of the motion being reversed after each half cycle.

l
5 t=0 Rack your Brain “
t=T/8
t=T/4 A second harmonic has to be
e A —— t=3T/8 generated in a string of len.g’Fh
L stretched between two rigid
t=T/2 supports. The points where the
il t=5T/8 string has to be plucked and
t=3T/4 touched are respectively
[ I
t=7T1/8 D == 2) —,
/ M % (2) a
=1 (I I
3 PN 4 NE)
| | @55 @3
Antinode
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6. Standing wave can be transverse or longitude, e.g., in a string (under tension) if reflected
wave exists, waves are transverse-stationary, while in athe organ pipes waves are
longitudinal-stationary.

7. As in the stationary waves nodes are permanently at rest, so energy can not be
transmitted across them, that means energy of one region (segment) is confined only
in that region. However, this energy oscillates between the elastic potential energy and
the kinetic energy of the particles of the medium (as shown in the figure A),and when
all the particles (simultaneously) pass through their mean position, the kinetic energy
will be maximum while the elastic PE will be minimum (figure B). The total energy
confined in the segment (elastic PE + KE), always remains the same.

v=0 strin
Vmin= 0 E
y T FANYA T
Elastic PE max = E
Kinetic energy min = 0
(A)
v=0

>
v

Elastic PE min = 0
Kinetic energy max = E

(B)

Different Equation for a Stationary Wave:-
Consider the two equal amplitude waves travelling in opposite direction as

y, = Asin(ot - kx) . (1)
and y, = Asin(ot +kx) .. (12)

The result of the superposition of these two waves is
y = 2Acoskxsinwt .. (13)

Which is the equation of the stationary wave where 2A cos kx represents the amplitude of
the medium particle situated at position 'x' and sinwt is the time sinusoidal factor. Equation

(13) can be written in many ways depending on the initial phase differences in the component
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waves given by the equation (11) can (12). If the superposing waves are has the initial phase
difference of &, then the component waves can be expressed as

y, = Asin(ot - kx) .. (14)
y, = -Asin(ot - kx) ... (15)

Superposition of above two waves will result

y = 2A sinkx cos ot .... 16)

Equation (16) is also an equation of the stationary wave but here amplitude of the different
medium particles in the region of the interference is given by

R = 2A sin kx .. (17)
Similarly the possible equations of the stationary wave can be written as

y = A, sinkxcos (ot + ¢) ... (18)

y = A, coskxsin(wt + ¢) ... (19)

y = A, sinkxsin (ot + ¢) ... (20)

y = A, coskxcos (ot + ¢) .. (21)

Here A, is the amplitude of the anti-nodes. In a pure stationary wave it is given as

A, = 2A
Where the A is the amplitude of the component waves. If we care fully look at equation (18)
to (21), we can see that in the equation (18) and (20), particle amplitude is given by

R =A, sinkx ...(22)

Here at x = 0, there are nodes as R = 0 and in the equation (19) and (21) particle amplitude

is given as

R = A coskx ... (23)

Here at x = 0, there is anti-node as R = A. Thus we can state that in the given system of

co- ordinates when origin of the system is at node we use either the equation (18) or (20) for
analytical representation of the stationary wave and we use equation (19) or (21) for same
when an anti-node is located at origin of the system.

Ex. Find out equation of the standing waves for the following standing wave pattern.

x=0 x =L

57.
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Sol. General Equation of standing wave

y =A'cosot
where A' = Asin(kx + 0)
here A =L
= k :E
L

A':Asin(kx+9):Asin(%x+ej
at  x =0 node

= A'=0atx=0

= ©0=0

. . (2
eq. of standing wave = Asm[%x]cos ot

Ex. In the figure shows the standing waves pattern in a string at t = 0. Find out equation
of the standing wave where amplitude of anti-node is 2A.

Ya
2A0 e . ...

Al

A W

.

Sol. Let status we assume the equation of standing waves is = A'sin(ot + ¢)

where A" = 2A sin(kx + ¢)

x=0isnode => A'=0,atx=0

2Asin0=0=0=0

at t = 0 The particle at is at y = A and going towards mean position.
= (I) = E + E = 5_71:

2 3 6
so, eq. of standing waves is

y = 2A sinkx sin(mt + %j

Ex. A string 120 cm in the length sustains standing wave with points of the string at which
the displacement amplitude is 3.5 mm being separated by 15.0 cm.
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Sol. In this problem two cases are possible :

Case - | is that ‘A"’ and 'B' have the same displacement amplitude and
Case - Il is that 'C' and 'D' have the same amplitude viz 3.5 mm. If x =
0 is chosen at anti-node then
A = a cos kx
if x = 0 is chosen at node, then
A = a sin kx
But since nothing is given in question. Hence from the both the cases,
result should be same. This is possible only when
a cos kx = a sin kx
or kx=2=
4
A 3.5

= =4.95mm
coskx cosm/4

or a=

Energy of the standing wave in one loop:-

When all particles of one loop are at the extreme position then the total
energy in the loop is in form of the potential energy only, when particles
reaches its mean position then the total potential energy converts into the
kinetic energy of the particles. So we can say the total energy of the loop
remains constant

Total kinetic energy at the mean position is equal to the total energy of the
loop because the potential energy at the mean position is zero.

A A

V.

€

L=2A/2

Small kinetic energy of the particle
which is in element dx is

d(KE) = %dmvz
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dm = pdx e
Velocity of particle at mean position ‘ Concept Reminder
=2Asinkx ® v v
1 2 2 _+.2 (I) Ar =2 . Ai
then d(KE)= Eudx. 4A°®° sin® kx vV, +V,
= d(KE) = 2A%w’p. sin” kx dx () [ A = 2v, A
CovHy,

A2
j d(K.E.) = 2A%0%u j sin? kxdx
0]

Total K.E. =

M2 . 2
Azofuf (1-cos 2kx)dx = A’w’u {x - szkx}
° 2k |,

.
= —AA’e’
5 u

Reflection and Transmission of the Waves

A travelling wave, at the rigid or denser boundary,
is reflected with the phase reversal but the
reflection at any open boundary (rarer medium)
takes place without the any phase change. The
transmitted wave is never inverted, but the
propagation constant k is changed.

—_—

f‘ \
INCIDENT WAVE s,

y;= A;sin(ot - k;x) . v
TRANSMITTED WAVE
REFLECTED WAVE\ L YeEAsin(ot - k)

y,= Asin(ot - kx) <

Reflection at denser boundary

—
—
INCIDENT WAVE
y,= A;sin(ot - kx)
e TRANSMITTED WAVE
Yi=Asin(ot + k,x)

REFLECTED WAVE

= Asin(ot + kX
S AEMEEH G0 o Mostion at rarer boundary
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Amplitude of Reflected And Transmitted Waves
If A is the amplitude of incident wave, A, be the
amplitude of the reflected wave and v, and v, are
speeds of the wave in reflecting and transmitting
mediums respectively then.

_YamVip A =2

A ' VIRV
1 2

r

V,+V,

A is positive if v, > v, i.e., the wave is reflected
from a rarer medium.

Phase change during reflection of waves :
(a) Waves on reflection from a fixed end
undergoes a phase change of 180°.

@ —
Reflected Wave

Incident Wave

(b) A wave the reflected from a free end is
reflected without a change in phase.

D E— —

Incident Wave Reflected Wave

Vibration of String :

(a) Fixed at both ends :

Consider a string of length 'L’ is kept fixed at the
ends x = 0 and x = L. In such the system suppose
we send a continuous sinusoidal wave of a fix
frequency, say, toward right. When the wave
reaches right end. It gets reflected and starts to
travel back. The left-going wave then overlaps
wave, which is still travelling to right. When the
left-going wave reaches left end, it gets reflected
again and the newly reflected wave starts to
travel to the right. overlapping the left-going
wave. This process will go on and, therefore, very

e

¥ . Concept Reminder

The most significant feature
of stationary waves is that the
boundary conditions constrain
the possible wavelengths or
frequencies of vibration of the
system. The system cannot
oscillate with any arbitrary
frequency (contrast this with a
harmonic travelling wave), but is
characterized by a set of natural
frequencies or normal modes of
oscillation.
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soon we will have many overlapping waves, which
interfere with the one another. In such a system,
at any point x and at any time 't, there are always
two waves, one moving to left and another to
right. We, therefore, have

y,(x,t) = y_ sin(kx — ot)
(wave travelling in positive direction of x-axis)
and y,(x,t) = y_ sin(kx + wt)

(wave travelling in negative direction of x-axis).
The principle of the superposition gives, for the
combined wave

y'(x%t) =y (xt)+y,(x1)
=y, sin(kx —wt) +y_ sin(kx + ot)
= (2y,, sinkx)cos ot

It is seen that the points of the maximum or
minimum amplitude stay at one position.

Nodes : The amplitude is zero for the values of kx
that give sin kx = 0 i.e. for,

kx =nmn, forn=0,1, 2, 3,.....
Substituting k =27 /A in this equation, we get

x:n%, forn=0,1, 2, 3,.....

The positions of the zero amplitude are called
the nodes. Note that a distance of % or half a

wavelength separates the two consecutive nodes.

Anti-nodes :

The amplitude has maximum value of 2y _, which
occurs for values of kx that give |sin kx| = 1.
Those values are as follows

kx=(n+1/2)n forn=0,1, 2, 3,....
Putting k =2n/ A in this equation, we get.

x=(n+1/2) % forn=0,1, 2, 3,....

e

¥ . Concept Reminder

A distance of % or half a

wavelength separates two
consecutive nodes.

Rack your Brain “

A uniform string resonates with
a tuning fork, at a maximum
tension of 32 N. If it is divided
into two segments by placing a
wedge at a distance one-fourth
of length from one end, then to
resonance with same frequency
the maximum value of tension
for string will be

(12N (2) 4 N
(3) 8 N (4)16 N

¥ . Concept Reminder

Normal modes of a circular
membrane rigidly clamped to
the circumference as in a table
are determined by the boundary
condition that no point on the
circumference of the membrane
vibrates. Estimation of the
frequencies of normal modes of
this system is more complex.
This problem involves wave
propagation in two dimensions.
However, the underlying physics is
the same.
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as the positions of maximum amplitude. These are called the anti-nodes. The anti-nodes
are separated by % and are located half way between the pairs of nodes.
For a stretched string of length 'L, fixed at both ends, the two ends of ends is chosen as

position 'x = 0', then other end is x = L. In order that this end is the node; the length 'L' must
satisfy condition

L=n %, forn=1, 2, 3,....

This condition shows that the standing waves on a string of length 'L' have restricted
wavelength given by

L=n%,forn:1,2,3, .....

This condition shows that the standing waves on a string of length 'L' have restricted
wavelength given by

2
n

A ,forn=1, 2, 3,.....

The frequencies related to these wavelengths follow from the Eq. as
f:nl,forn =12, 3,...
2L

where 'V' is the speed of the travelling waves on the string. The set of the frequencies given
by the equation are called the natural frequencies or the modes of oscillation of the system.

This equation tells us that natural frequencies of a string are the integral multiples of lowest

\%
frequency f = —,
q Y oL

which corresponds to n = 1. The oscillation mode with that lowest frequency is known as
the fundamental mode or first harmonic. The second harmonic or 1t overtone is the
oscillation mode with n = 2. The 3 harmonic and 2" overtone corresponds to n = 3 and so
on. The frequencies linked with these modes are often labelled as v ,v,,v, and so on. The

collection of all possible modes is known as the harmonic series and 'n' is known as the
harmonic number.
Some of the harmonic of the stretched string fixed at both ends are shown in figure.
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A (a)
Fundamental
or first harmonic
A fo =v/2L
A A (b)
|]<><>|] Second harmonic
A N A or first overtone =
f, = 2f = 2v/2L
A A A ()
\H/\I\IK\M//\?\I(\W//>|] Third harmonic
A A A or 2nd overtone =
fl = 8f = awoL
A A A (d)

K > XX > F i
N N N ourth harmonic

EXx.

Sol.

EXx.

A A A or 3rd overtone =
f, =4f = 4v/2L

A middle 'C' string on a piano has the fundamental frequency 262 Hz, and the 'A' note

has fundamental frequency of 440 Hz. (a) Calculate frequencies of next two harmonics

of the 'C' string. (b) If the strings for the 'A' and 'C' notes are assumed to have same

mass per unit length and same length, find the ratio of tensions in the two strings.

(a) Because f =262 Hz for the 'C' string, we can use Equation to find the frequencies
f,and f, ;

f, = 2f = 524Hz
f, = 3f = 786Hz

Using Equation for two strings vibrating at their fundamental frequencies gives

P A U B Y
1A 2LH:>1C 2L\

2 2
fu _ T_ADT_Az fu ] _[440H2 -2.82
f T T f 262Hz

1c C C 1c

A wire having linear mass density of 5.0 x 10-% kg/m is stretched between the two rigid
supports with the tension of 450 N. The wire resonates at frequency of 420 Hz. The
next higher frequency at which same wire resonates is 490 Hz. Determined the length
of the wire.
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Sol. Assume the wire vibrates at 420 Hz in its n™ harmonic and at 490 Hz in its (n + 1)t
harmonic.
420" =2 |F o (i)
2L\
_(n+1 |F

490s™ i
and 2L \u .. (i)

This gives 490 _n+i
420

n
or n=6.
Putting the value in (i),

450N
42034=i ; =900m/s
2L \'5.0x10°kg / m L

(b) Fixed at one end :

Standing waves can be produced on the string which is fixed at the one end & whose other
end is free to move in the transverse direction. Such a free end can be nearly obtained by
connecting the string to a very light thread.

If the vibrations are produced by a source of “correct” frequency, standing waves are
produced. If the end x = 0 is fixed and x = L is free, the equation is again given by

y = 2A sinkx cos wt
with boundary condition that "(x = L)" is anti-node. The boundary condition that "(x = 0)" is

a node is automatically satisfied by above equation. For "(x = L)" to be anti-node,
sinkL = +1

or, kL = n+l b or,%= n+l
2 A 2
n+1
oLf 1 1) v 5
or, — =n+— or, f=|n+—-|—= JT/
v 2 ( 2]2L oL H

These are the normal frequencies of the vibration. The fundamental frequency is achieved

whenn=0,ie., f = s
4L

A

(a) C Fundamental

A

The overtone frequencies are
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A A .
Ol Sl a6
A N m Overtone

O] S
Overtone
A 4 A N A

3v 5v
f1=I=3fo N 2=I=5f0
We see that all the harmonic of fundamental are not allowed frequencies for standing
waves. Only the odd harmonics are overtones. Figure shows the shapes of string for some
of the normal modes.

Sonometer :

Sonometer consists of the hollow rectangular box of the light wood. One end of experimental
wire is fastened to the one end of the box. The wire passes over a frictionless pulley at the
other end of box. The wire is stretched by a tension 'T"

Wire Bridge

The box serves the purpose of the increasing loudness of the sound produced by vibrating
wire. If the length wire between the two bridges is 'l, then the frequency of vibration is
_A T
2L\
To test the tension of tuning fork and the string, a small paper rider is placed on string.
When the vibrating tuning fork is placed on a box, and if the length between bridges is

properly adjusted, then when the 2 frequencies are exactly equal, the string quickly picks
up vibrations of the fork and rider is thrown off the wire.
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Comment:

_ massofwire rr’dl
~ lengthof wire |

= nrd

where 'r' is the radius of wire and 'd' is the density of the material of the wire. Thus the
frequency of vibration of a given string under tension is

1
r’d

f o

Thus f o« 1 (for same material wires)
r

and f o« 1 (for different wires of same radius).

Jd

Melde’s Experiment :

-

‘;) iy = Mg

M

Case 1. In a vibrating string of the fixed length, the product of number of loops in a vibrating
string and square root of tension is a constant or

n\/? = constant

Case 2. When tuning fork is set vibrating as shown in the fig. then the prong vibrates at the
right angles to the thread. As a result thread is set into the motion. The frequency of vibration
of thread (string) is equal to the frequency of tuning fork. If the length and the tension are
properly adjusted then, the standing waves are formed in the string. (This happens when
the frequency of one of the normal modes of the string matched with the frequency of the
tuning fork). Then, if n loops are formed in the thread, then the frequency of the tuning fork
is given by

_n T
2L\

Case 3. If the tuning fork is turned through the right angle, so that the prong vibrates along
length of the thread, then string performs only a half oscillation for each complete vibrations
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of the prong. This is because the thread sags only when the prong moves towards the pulley
i.e. only once in a vibration.

The thread performs the sustained oscillations when the natural frequency of given length
of the thread under tension is half that of fork. Thus, if 'n' loops are formed in the thread,

) . 2n |T
then the frequency of the tuning fork is f = ERm
\I U
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EXAMPLES

Consider the wave y = (10 mm) sin [(5r cm™™) x - (60 s™") t + %]. Find

(a) the amplitude (b) the wave number
(c) the wavelength (d) the frequency
(e) the time period (f) the wave velocity

(g8) phase constant of SHM of particle at x = 0.

(a) Amplitude A =10 mm

(b) wavenumber k=5ncm™

(c) wavelength A= n_2 cm
k 5

(d) frequency f= 2 =30Hz
27
1 1

e) time period T=—-=—

© P f 30

(f) wave velocity v ="f\l =12 cm/s.

The string shown in the figure is driven at the frequency of 5.00 Hz. The am-
plitude of motion is 12.0 cm, and wave speed is 20.0 m/s. Furthermore, wave
is such that y = 0 at x = 0 and t = 0. Determine

(a) the angular frequency

(b) the wave number for this wave

(c) Give an expression for the wave function. Calculate

(d) the maximum transverse speed

(e) the maximum transverse acceleration of point on the string.

Ya
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() o=2rf=10n Red/sec.
(b)}\,X5=20 }\,=4m, K:%:%rad/m.

(©) y =12 x 1072 sin (ot — kx + ¢)
=12 x 1072 sin (10nt—gx+¢J
Att=0 x=0andy=0

0=sin¢
$=0

Y _12x10?[ - E |cos| 1007t - Ex + ¢
ov 2 2

Att=0 x=0

Y _ _12x107 (EJ cos ¢
00X 2

Y should be positive

OX
b=m
y =12 x 1072 sin (10nt—gx+n)

=12 x 10" sin (gx—mnt}
(d) Vmax = Ao
=12x102x10 =
=12n = 6 .
5
(e) Amax = Ao?

=12x10?2x107tx10
=12 n2




The sketch in the figure shows displacement time curve of a sinusoidal wave
at x = 8 m. Taking velocity of wave v = 6 m/s along positive x-axis, write the
equation of the wave.

y

2 8 14

»t (in sec)

271 27 T
0):—: [ pp—
T 8-2 3
K=®__T™ _ T
v 3x6 18

18
at t=2, x=8,y=0
_Im
{ry
y = 0.5 sin {Et—£x+7—n]
3 18 9

In the arrangement shown in figure, the string has mass of 5 g. How much
time it will take for a transverse disturbance produced at floor to reach the
pulley 'A' ? Take g =10 m/s2.

25cm

i 25cm 1
2m
kg

1.
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Wave on a String

20%25 _ 100 m/sec
\]5x1o3

D
—=—=— secC.
v 100 50

A uniform rope of the length 20 m and mass 8 kg hangs vertically from the
rigid support. A block of 2 kg is attached to free end of the rope. A transverse
pulse of the wavelength 0.06 m is produced at the lower end of rope. Find the
wavelength of the pulse when it reaches the top of the rope ?

At the bottom end
v="TE _f3 0
u)
Now at the top

v, = /mg%“fg = f ...ii)

pl = M = mass of string
From equation (i) & (ii)

7»'=\/m+Mk:\/2;8k:\/EX=

m

3 m
1045

Two wires of the different densities but same area of the cross-section
are soldered together at the one end and are stretched to a tension 'T". The
velocity of the transverse wave in the 15t wire is half of that in the 2" wire.
Determine the ratio of density of the first wire to that of the second wire.

Vi_ P _ 1

v, p, 2

p_Q_l = &:4
p, 4 P,
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A 6.00 m segment of the long string has a mass of 180 g. A high-speed pho-
tograph shows that the segment has four complete cycles of a wave. The
string is vibrating sinusoidally with the frequency of 50.0 Hz and the peak-
to-valley displacement of 15.0 cm. (The “peak-to-valley” displacement is
vertical distance from the farthest positive displacement to farthest nega-
tive displacement.)

(a) Write the function that describes the wave traveling in the positive 'x'
direction.

(b) Determine average power being supplied to the string.

(@) f=50Hz
-3
u= 2007 o g

2A=15%x102m
A=75%x102m
41=6A=3/2m and v=fA=75m/sec.

o=2nf=100n also K—Ezﬂ

Y 3
If phase constant is ¢ then

L . 4
equationis y =75 x 1072 sin {‘IOO nt — ?nx + d)}.

A transverse wave of amplitude 5 mm and the frequency 10 Hz is produced
on the wire stretched to a tension of 100 N. If wave speed is 100 m/s, find
the average power transmitted by the source to the wire ? (72 = 10)

P, =2n* 2 A% nv
P,=2m 2 A% 1 T/

Put value P, =50 mw

use v=,4T/u
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Wave on a String

The equation of a plane wave travelling along positive direction of x-axis is
y = a sin % (vt = x) When this wave is reflected at the rigid surface and its

amplitude becomes 80%, then find the equation of reflected wave

Equation of reflected wave is

80a) . 2n A
y=|——|sin—| vt +x+—
100 A 2

(% path difference is added as the reflection is from hard rigid surface)

Two waves, each having the frequency of 100 Hz and the wavelength of 2
cm, are travelling in same direction on a string. Calculate the phase differ-
ence between the waves

(a) if the 2" wave was produced 10 m sec later than the 1t one at the same
place

(b) if two waves were produced at a distance of 1 cm behind 2" one ?

(c) If each of the waves has the amplitude of 2.0 mm, what would be the am-
plitudes of resultant waves in part (a) and (b) ?

v="FfA
v =100 x 2 = 200 2
secC
2 27 x 0.0
(a) _TCXAt:LOO =2
T 0.01

21 21
b = —At=— =
(b) ¢ . S T

(c) a=a +a,=4mm
a=a-a,=0
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What are (i) the lowest frequency (ii) the 2" lowest frequency and (iii) the
3" lowest frequency for the standing waves on a wire that is 10.0 m long has
mass of 100 g and is stretched under tension of 25 N which is fixed at the both
ends ?

T 25
v |—=- —22 _ -50
L .[100x10°
10
vo= VL _ 5% _o5h

© IZQX'IO
v,=2v,=5Hz
= 3v, = 7.5 Hz.

<
|

A nylon guitar string has the linear density of 7.20 g/m and is under the ten-
sion of 150 N. The fixed supports are at distance D = 90.0 cm apart. The string
is oscillating in standing wave pattern as shown. Calculate the

(a) speed

(b) wavelength

(c) frequency of traveling waves whose superposition gives this standing
wave.

1 2
(@ v= 20 - = 20 M _ 444 m/s
7.2x10° J3 sec

3N\
(b)7=900m = A=60cm

250 x 100 1250

\/EXGO - 3\/5

() v=Ffur = f=

Hz.

v
A
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Wave on a String

The length of the wire shown in the figure between the pulleys is 1.5 m and
its mass is 15 g. Determine the frequency of the vibration with which the wire
vibrates in the four loops leaving the middle point of the wire between pulleys
at rest. (g = 10 m/s?).

10kg

= =15
2
A=075m
yo [10x10x15 _ oo
15% 10
f_ v _ 100 _ 400
. 075 3

A string oscillates according to the equation
y' = (0.50 cm) sin Kgcqu} cos [(40 &t s™)t].

What are the

(a) Amplitude

(b) Speed of two waves (identical except for the direction of travel) whose
superposition gives this oscillation?

(c) What is distance between nodes?

(d) What is transverse speed of a particle of string at the position x =1.5 cm

when t = gs?
8

(@) Ao = 0.5 sin g xt

= 0.5 sin g (1.5 = 0.5 cm

But the amplitude of component wave is A
(b) 2A = 0.5
A=0.25cm
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K=§zmdm=40n = f=20Hz
v = % =120 cm/sec
A \%
(c) d_E_E =3cm

(d) Atx=15cm

Att:gsec
8
. T 9
y=0.5sin | =x15|cos| 40t x—
3 8

= 0.5 sin g cos 45 1

=05 (-1) =-0.5
So, particle is at negative extreme position that is why speed is zero.

The vibration of the string of length 60 cm is represented by equation,

y = 3 cos (1x/20) cos (72 rt) where 'x' and 'y’ are in cm and 't' in sec.

(i) Write down component waves whose superposition gives above wave.

(ii) Give the position of the nodes and anti-nodes located along the string.
(iii) What is the velocity of particle of the string at positionx=5cmand t =
0.25 sec.

. X
I =15cos | — + 72nt
() vy, [20 T j

X
=15cos | ——-T72nt
(i) Nodes =
> (2 n+ 1)E
20 2
x=(2n +1)10 = x =10, 30, 50 .........

(iii) Antinodes = % =nt = Xx=20n = x=0, 20, 40, 60 .........
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MIND MAP

WAVE ON A STRING

Wave function y = f (x,t)

oo

Velocity of wave v, =

~ Coeffi ment m’*k
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