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Work, Power and Energy

Work done by a constant force:
Assume F be a constant force acting on a body.

If the body goes through a displacement s, then .
L Definitions
the work done by the force F is given by W = Fs

cos 0, where 6 = angle between force vector F o The work done by the force E

and displacement vector s. is given by W = Fs cos 6,
F = magnitude of force F and where 6 = angle between
s = magnitude of displacement s. force vector F and
If 6 is acute (6 < 90°), work done (W) is positive displacement vector s.

(force tries to increase the speed of the body). F = magnitude of force F and

s=magnitude of displacement
S.

If 6 = 90° ie. force is perpendicular to
displacement, W = 0. e

¥ . Concept Reminder

Work is a scalar as it is dot product
Fl|6 FlO of two vectors having dimension
[ML2T-?] and Sl unit N-m which is
more specifically called Joule (J)
S >

If 0 is obtuse (6 > 90°), work done (W) is negative
(force tries to decrease the speed of the body).

F F
§ >
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Work, Power and Energy

Ex. Find work done by force F from Ato B ?

Sol. W =Fs cos 0 =20 x6 x cos (60°) =60J
In vector from

W=F-F

In F=iF +jF +kF, and F=i

work done will be,

X+ jy+kz, the
W=F -x+F -y+F -z

Note: The force of gravity is the example of
constant force, hence work done by it is the
example of work done by a constant force.

Ex. A force F = (2? -3 ] +4 f()N displaces a particle
from point A (0, 3, 5) m to a point B (4, 4, 2) m
then find Work done by this force?

Sol. §=F -F=4i+]-3k

F=2i-3]+4k

W=F-§=8-3-12

W=-7J

Work Done by a Variable Force:

When the force (F) is an arbitrary function of
position (x), we need the techniques of calculus
to evaluate the work done by it. The figure shows
F_as some function of the position x. We begin
by replacing the actual variation of the force by
a series of n small steps. The area under every
segment of the curve is approximately same to
the area of arectangle. The height of the rectangle
is a constant value of force, and its width is a
small displacement Ax. Thus, the step involves
an amount of work AW = F_Ax_ . The total work

KEY POINTS \

Work done by constant force.
Work done by variable force.



done is approximately by the sum of the areas of
the rectangles:

FOOT FOOT

»X »X
(0] xAAxA Xy (0]

W ~ IF Ax,

As the size of the steps is reduced, the tops of
the rectangle more closely trace the actual curve
shown in figure. In the limit Ax — O, which is
equivalent to letting the number of steps tend
to infinity, the discrete sum is replaced by a
continuous integral.
lim 2F Ax, = [Fdx

Thus, the work done by a force F_from an initial
point A to final point B is

W, .= IFde = area under F_—x graph

Xa

Units & Dimensions:
Units:
Sl Unit: joule, which is represented by U’
Joule: One joule of work is known as to be done
when a force of one newton displaces a body by
one meter in the direction of force.

1 joule =1 newton x 1 meter = 1 kg-m?/s?
CGS UNIT: erg
erg: One erg of work is known as to be done
when a force of one dyne displaces a body by
one centimeter in the direction of force.

Terg =1dyne x1cm =1g-cm?/s?

s!" . Concept Reminder

. -

For variable force

Sz_. .
W=IF~ds = Area under F-s
S1

graph

Definitions

Joule: One joule of work is said
to be done when a force of one
newton displaces a body by one
meter in the direction of force.
1 joule = 1 newton x 1 meter =1
kg-m?/s?
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Other Units:

(@) 1joule =107 ergs

(b) 1erg=10"joules

() 1eV =16 x10" joules

(d) 1joule =6.25 x 10 eV

(e) 1MeV=16x10"J

(f) 1J=6.25x 102 MeV

(8) 1 kilowatt hour (kWh) = 3.6 x 10° joules

Dimensions:
[Work] = [Force] [Displacement]

= [MLT?][L] = [ML2T?]

Angle dependency of work done/ nature of work:
Case-lI:

W =Fs cos 0

If the angle ‘0’ is acute (6 < 90°) then the work
is said to be positive. Positive work signifies that
the external force applied the motion of the body.

o

Positive work done by
gravitational force

When a body at rest starts falling freely under
the motion of gravity (6 = 0°), the work done by
gravitational is positive (+ve).

When a spring is stretched, displacement and
stretching force both are in the same direction (6
= 0°). So, work done by stretching force is (+ve).

Case-Il:

W = Fs cos 0

If the angle 6 is obtuse angle (6 > 90°).

Then the work is known as to be negative (-ve).
It shows that the direction of force is such that it
opposes the motion of the object.

Rack your Brain ﬂ

If a vector 2i+3j+8k s

perpendicular to the vector
47 - 4] +oak then find the value
of a.



‘

Negative work done
by gravitational force

Work done by frictional force is —ve when it
opposes the motion and work done by braking
force on the car is negative.

Case-lll:
W = Fs cos 0

Value of work done will be zero if (F=0o0rs =0
or 6 = 90°)

Body moving with uniform velocity. (Net W.D is
Zero)

Net force on the particle is zero. (Net W.D is zero)
We push the wall and it remains at rest.

A pendulum is oscillating. (W.D by Tension)
Electron is moving round the nucleus.

Satellite is moving around the earth.

Coolie “Sahayak” is carrying baggage on a
horizontal platform (W.D. by gravitational force
is zero)

Dependency on Frame of Reference:

A force does not depend on frame of reference
and assumes same value in all frames of
references, but displacement depends on frame
of reference and may assume different values

.

\

% . Concept Reminder

Concept Reminder

When a person lifts a body from
the ground, the work done by
the lifting force is positive, but
the work done by force of gravity
is negative..

KEY POINTS \

e Positive work.
e Negative work.
e Zero work.

oo

Work done in displacing a
particle under the action of a
number of forces is equal to
work done by the resultant
force.

Work, Power and Energy



relative to different reference frames. Therefore, work of a force depends
on choice of reference frame.

Ex. If a man starts pulling the string with a rate of 4 m/s2 Find work done
by tension on block in 2 seconds.

Sol. By F, . =Ma

n

= T-50=5x4 = T=70
= s:%x4x(2)2:8m

=  Work done = FS cos 0
=70 x 8 x1=560J

Ex. A cart with a rough inclined base moves in horizontal direction with a
speed of v m/s. If a block is placed on the inclined and given that 0 is
less than angle of repose find work done by normal reaction on block
in time “t”.

Sol. Block is horizontaland s =v x t



N = mg cos6
A90°- 6

S

Work done = N . s cos 0
= mgcos O xvt-cos(90 - 0)

_ mgvtsin20
2

Ex. If cart in previous question is moved vertically upward with speed
v m/s. Find work done by friction in time “t”.

-

m

9
S
Sol. As block will not slide f = mg sin 6
43

90°- 0

Fr

m
mg sind

0
Work done = F-s-cos®9

= mg sin 0 (vt) cos (90 - 0)
work done = mgvt sin? 0

Ex. A force F =(3x%i - 4y] +3k)N displaces a particle from A(0, 1, 2)m to
B(1, 2, 1)m. Then find W.

Sol. F=(3x%—4yj+3k)N




Work, Power and Energy

Idw = J13x2dx + J%—4ydy + 3jdz
0 1 2

_ 3 2 12 1
= x|y —12y° [[ +13z],
=1-6-3

W=-81J

Graphical representation of work done:

The area enclosed by the F-s graph and
displacement axis gives the amount of work done
by the force.

FA

0]

Work done = Fs = Area of PQRO
Calculate work done by variable force F(x).

FA

o

For a small displacement dx the value of work
done will be the area of the strip of width dx

W=TdW=TFdx

If area enclosed above X-axis, work done is
positive and if the area enclosed below X-axis,
work done is negative.

Rack your Brain “

A particle moves from a point
(—2f+5]) to (4]+3I2) when a

force of (4?+3])N is applied.

How much work has been done
by the force?

S“ Concept Reminder

If a person is pushing a box in a
moving train, the wgrkﬁ done in
frame of train will be F-s while in

frame of earth will be E-(;+;o) ,

where s isa displacement of train
relative to ground.



Negative Work

Applications on work:
e If aforce is changing linearly from F, to F, over a
displacement S, then work done is

W= F, +F, <
2

e |f a force displaces the particle from its initial
position r to final position r, then displacement

vectoris s=r, -

-3

yA

~F

W=F §=F-(F -T)
Rack your Brain ’
e Work done in pulling the bob of mass m of a

simple pendulum of length L through an angle 6

. . When a body moves with a
to vertical by means of a horizontal force F.

constant speed along a circle
choose right statement.

(a) No work is done on it

(b) No acceleration is produced
in it

(c) Its velocity remains constant




Work, Power and Energy

b=L(1-cos0)
Work done by gravitational force

W = -mgb = -mgL(1-cos0)
Work done by horizontal force F is W= FL sin 6
Work done by tension T in the string is zero.
Work done by gravitational force in pulling a
uniform rod of mass m and length | through an
angle 0 is given by

C.G

1h
C.G

W = —mg%m —cos0)

Where /2 is the distance of centre of mass from
the support.

A ladder of mass m and length L resting on a level
floor is lifted and held against a wall at an angle
6 with the floor

Work done by gravitational force is

L/2
/

L ..
W, = -mgh = —mg(g] sin©

A bucket fully fill of water of total mass M is
pulled by using a uniform rope of mass m and
length . Work done by pulling force

W:Mgl+mg%

S(.‘ _ Concept Reminder

Work done by gravitational force
in pulling a uniform rod of mass m
and length | through an angle 6 is

W = —mg%(1—cose)

10.



A particle of mass ‘m’ is suspended vertically
using (mass of rope of negligible). If the rope is
used to lift the particle vertically up with uniform
acceleration ‘@’ work done by tension in the rope
is

W =m(g + a)h (h = height)
If block is lowered with acceleration ‘@, then

W =-m(g - a)h
A uniform chain of mass M and length L is kept

. 1 .
on smooth horizontal table such that — of its
n

length is hanging over the edge of the table.
Value of work done by the pulling force to bring
the hanging part onto the table is

(DDl

Mass of hanging part is M
n

A uniform chain of mass M and length L rests on

. . 1 -
a smooth horizontal table with — part of its
n
;

length is hanging from the side of the table.
Work-done in pulling the chain partially such that

% part is hanging from the edge of the table is

n2
1 1}
2 2
n'] 2

given by

>

s(" ~ Concept Reminder

The work done by pulling force to
bring the hanging part onto the
table is

_ MgL

W =
2n?

1.
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Work, Power and Energy

A uniform massive chain of mass ‘M’ and length
L is suspended vertically as shown in figure. The
lower end of the massive chain is lifted upto
point of suspension

G2
L
4
G; G,
L
4
G2
L L L . .
h= Z+ " = 5 = raise in centre of mass of lower

half of the chain.
Work done by gravitational force is

The Work-done in lifting a body of mass ‘m’ having
density d, inside a liquid of density d, through a
height h is

d
W =mgh|1- -2
i

1

A block of mass ‘m’ is placed on a frictionless
horizontal surface. A force F acts on the block

Sr‘ _ Concept Reminder

In a conservative field work is
path independent e.g., if we shift a
body in equilibrium from A to C in
a gravitational field via AC or ABC,
the work done will be same.

s(" ~ Concept Reminder

oo

Work done in lifting a body of
mass m having density d, inside of
density d, through height h is

d
W =mgh|1-—=2
o]

1

12.



parallel to the surface such that it moves with an
acceleration ‘@), through a displacement ‘s’ The
work done by the force is

W =Fs =mas (- 0 =0°)
A block of mass ‘m’ is placed on a rough horizontal
surface of coefficient of friction u. A force F
acts on the block parallel to the surface such
that it moves with an acceleration ‘a’, through a
displacement ‘s’ The work-done by the frictional
force is

f =umgcos6; but 6=0°

f=pumgcos0°=umg = W, = umgs

W ., = (f+mg)s = (umg + ma)s = m(ug + a)s
If the body moves with uniform velocity, then

W = fs = umgs

A body of mass m is sliding down on a smooth
inclined plane of inclination 6. If L is length of
inclined plane, then work done by gravitational
force is

mg ‘Mg cos 6

W, =Fs = mg sin L

A body of mass ‘m’ is moved up the smooth
inclined plane of inclination 6 and length L by a
constant horizontal force F then work done by
the resultant force is

W = (Fcos® —mgsin0)L

Rack your Brain ﬂ

Force F on a particle moving in a
straight line varies with distance
d as shown. Find work done on
particle during its displacement

for 12 m.

F(N)

2 ...........
o3l 7 2
d(m)

Work, Power and Energy

13.



Work, Power and Energy

e A object of mass ‘m’ is sliding down on rough
inclined plane of inclination 0. f L is the length of
incline and p, is the coefficient of kinetic friction
then work done by the resultant force on the
object is

W = (mgsin0 -1, )L = (mgsin® -y mgcosO)L
= mgL(sin6 -, cos0)

e A uniform solid cylinder of mass m, length | and
radius r is lying on ground with curved surface in
contact with ground. If it is turned such that its
circular face is in contact with ground, then work
done by applied force is

l/2

S(.‘ _ Concept Reminder

Work done by friction can be
positive also. For example, in two
block system if force is applied on
lower body and they both moving
together then work done by

friction on upper body is positive.

S(" _ Concept Reminder
Work done by the gas during
change in its volume from V, to V,
is

VZ
W = [Pdv

V‘\

Work is positive if V, > V, ie,
gas expands and negative if
V, <V, ie., gas compressed.

14.



Wzmgh:mg(%—rj ( h:%—rj

A gas at a pressure P is enclosed in a cylinder
with a movable piston. Work done by the gas
in producing small displacement dx of the
piston is

dW = Fdx = PAdx = PdV

Total work-done by the gas during the change in
its volume from V, to V, is

V2
W = Ipdv

v

Two blocks of masses m and m, (m, > m,)
connected by an inextensible string are passing
over a smooth, massless pulley. The two blocks
are released from the same level. At any instant
‘t, if ‘X’ is the displacement of each block then
Work done by gravity on block m,,

W, =+ m gx
Work done by gravity on block m,,
W, = - m,gx

Work done by gravitational force on the system,

Wg =m,gx — m,gx

1
W, = (m, —m,)gx = (m, - mz)g(gatQJ

15.




Work, Power and Energy

[+ v? —u? = 2as]

_ (m1 — m2)2g2t2 - (m1 — mz)g
I’T]1 + I’T]2

W, =
g 2(m, +m,)

Note: In this case work done on the two blocks by tension is zero.
W=TX)+T(-x)=0
Ex. Abodyisdisplaced fromr, =(2i+4j-6k) tor, =(6i-4j+2k) under

a constant force F = (2? + 3] - f<) . Find the work done.
Sol. Work done

W=F-§ W=F-(f,-r,)

W=(2?+3]—l2)[(6?—4}+2|2)—(2?+4]—6l2)}

W=(2i+3]-Kk)-(4i-8]+8k)

W =8-24-8=-24 units

Ex. Aforce F=2xi+2 ] +32°k Nis acting on a particle. Find out the work

done by the force in displacing the body from (1, 2, 3)m to (3, 6, 1)m.
Sol. Work done
Xy Yo Zy
w = [Fdx+ [Fdy+ [Fdz
X4 Y1 Z

W=i2xdx+]i2dy+'|1322dz
1 2 3

23 31
X 6 z
W=2—| +2 +3|—| =-10J
[2] [y]; {3}

1 3

Ex. The force acting on an object varies with the distance travelled by the
object as shown in the figure. Find out the work done by the force in
moving the object from x =0 m to x =14 m.

F(N)A




Sol.

Ex.

Sol.

Ex.

Sol.

Work done = Area under F - s curve.

W:[%x6x4]+(4x4)+(%x4x4j:36J

When a rubber band is stretch by a distance ‘X’ it exerts a restoring
force of magnitude F = ax + bx?, where a and b are constants. Find the
work done in stretching the unstretched rubber band by ‘L.
The restoring force exerted by the rubber band when it is stretched by
a distance ‘x’is

F =ax + bx?
The small amount of work done on the rubber band in stretching
through a small distance ‘dx’ is

dW = Fdx = (ax + bx?)dx
The total work done in stretching the unstretched rubber band by
‘Lis

L L L L
W = J-Fdx = J-(ax +bx?)dx = '[axdx+jbx2dx
[0} 0 (o]

0

L L
2 3 2 3
Wza[X_] +blx_] _al? bU
2 3 2 3
0 0

A 10 kg block is pulled along a frictionless surface in the form of an
arc of a circle of radius 10 m. The applied force is 200 N. Find the work
done by-

(@) Applied force and
(b) Gravitational force in displacing through an angle 60°.

Work done by applied force W = Fr sin 0
W =200 x 10 x sin60°

J3

= 200X1OXT=1732J

Work done by gravitational force

17.
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Ex.

Sol.

Ex.

Sol.

Ex.

Sol.

W = —mgr(1- cos )
W = —10 x 9.8 x 10(1- cos 60°)

m1=—98x1o(m—%]=—490J

A uniform chain of length 2 metre is kept on a table such that a length
of 60 cm hangs freely from the side of the table. The total mass of
chain is 4 kilogram. Find out the work done in pulling the entire chain
back onto the table?

M=4kg,L=2m,l=0.6m,g=10 m/s?

Work done

L (M) L
W=mg—=|—|lg=
me (ngz

W = 4 ><O.6><10><%:3.6J
2 2

Find the work done in lifting a body of mass 20 kg and specific gravity

3.2 to a height of 8 m in water? (g = 10 m/s?)

Given specific gravity
Po
Pw
p, =3.2xp,, = 3.2x1000 = 3200

=3.2

Work done

W =mgh| 1- 2% | Z 20 x 10 x 8] 1- 1299
o 3200

W =20x10x8 2200 =1100J
3200

A body of mass ‘m’ is lowered with the help of a rope of negligible
mass through a distance ‘d’ with an acceleration of g/3. Find out the
work done by the rope on the body?
During lowering a body, tension in rope is

T=m(g — a) and distance s =d
Work-done

W =-m(g - a)d

18.



2mgd

W = _m(g_ng __2med
3 3

Ex. If the system shown is released from rest. Find the net work done by

tension in first one second (g = 10m/s?)

A
m, -m _
Sol. a=|—2'|g= u 10 = 2m/s?
m, +m, 2+3

_ 2mm,g _ 2x2x3x10
m, +m, 2+3

T =24N

For each block
1

1
s=—at?=—x2x1=1m
2 2

Wnet =W, +W, =Ts-Ts=0

Ex. A force applied on a body and displaces it from x = 0 to x = 6 m. Find
work done by the force in the process.

F(N)
1_
459 4 6
0 e —x (m)
O — :

Sol. W.D = Area under F-x curve

19.




-3

Work done by spring force (W,):
dW = —kx - dx

wzjdwzxf-kx.dx

e

X
W = 2 k(x? — x2
_5 (Xi _Xf)
Ex. From A to B, find

(i) W. D by spring force
(ii) W. D by gravity

20.




Sol.

Ex.

Sol.

Ex.

Sol.

From A to B, find

1 1
i) W, =—k(0% — x?) = ——kx?
(i) Wq 5 (0% - x%) 5 K
(i) Wg:mg(h+x)

A force F = (2 + x) acts on a particle in x-direction where ‘F’ is in
newton and ‘X’ in meter. Find out the work-done by this force during
a displacement from x =1.0 m to x = 2.0 m.
As the force is depends on x, we shall find the work-done in a small
displacement from x to x + dx and then integrate it to calculate the
total work. The work-done in this small displacement is

dW = Fdx = (2 + x)dx

Thus,
zjo sz
W= | dW = | (2 +x)dx
1.0 1.0

2 2.0
= {2x + X—} =35J
2

1.0

A force F = —Lz(x # 0) acts on a object in x-direction. Find the work-
X

done by this force in displacing the object from x = a to x = +2a. Here
k is a positive constant.

+2a +2a
—k
W:IFdx: J'[—Q}ix{h} _ Kk
X X, 2a

+a

21.
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Ex. A force F acting on a body varies with the position x as shown in
figure. Find the work done by this force in displacing the body from
(@x==-2mtox=0 (b)x=0tox=2m

Sol. (@) Fromx=-2mtox=0,

Displacement of the body is along positive x-direction while force
acting on the particle is along negative x-direction. Therefore,
work done is negative and given by the area under F-x graph

wz—%@mm:—mJ

(b) Fromx =0 and x =2m,

Displacement of particle and force acting on the particle both
are along positive x-direction. Therefore, work done is positive

and given by the area under F-x graph,

or w:%@mm=mJ
ENERGY

Energy is the capacity or ability to do work.
Greater the value of energy possessed by the
particle, greater the work-done it will be able to
do.

Energy is cause for doing work and work is effect
of energy.

Energy is a scalar. Energy and work have same
units and dimensions.

The different types of energy are Mechanical
energy, Heat energy, light energy, Sound energy,
Electrical energy, Nuclear energy etc.

Energy of system always remain constant it
can neither be created nor it can be destroyed
however it may be converted from one form to
another .

Definitions

Energy is the ability or capacity
to do work. Greater the amount
of energy possessed by the
body, greater the work it will be
able to do.

22.



Examples are as following.

Electric energy Mortar >

Mechanical energy Generator >

Light energy Photocell N

Electrical energy Heater >
Radio

v

Electrical energy

Nuclear Reactor
Nuclear energy >

Chemical energy Cell

A

. Secondary Cell
Electrical energy >

Incendence nt lamp

Heat energy

Energy is a scalar quantity.
Unit : Its unit is same as that of work or torque.
In MKS : Joule, watt sec
In CGS : erg
Note: 1eV =16 x 107 joule
1 kWh = 36 x 10° joule
107 erg =1 joule
Dimension [M'L2T-2]
According to Einstein’s mass energy equivalence
principle mass and energy are inter convertible
i.e. they can be changed into each other
Energy equivalent of mass m is, E = mc?

Mechanical energy

Electrical energy

Electrical energy

Heat energy

Sound energy

Electrical energy

Electrical energy

Chemical energy

Light

s(" ~ Concept Reminder

A conservation law states that
value of some quantity such as
energy, linear momentum, angular
momentum or charge does not

change with time.

23.
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Work, Power and Energy

Where,  m: mass of the particle [in Kg]

c : velocity of light

E : equivalent energy corresponding to
mass m.

Mechanical energy is of two types:

(a) Potential Energy

(b) Kinetic Energy

Potential Energy (U):

Potential energy of a particle is the energy
possessed by a particle by virtue of its position
or configuration in the field.

Potential energy is explained only for conservative
forces. It does not exist for non-conservative
forces. In case of conservative forces.

-2

dU=—F-dr
U2
= J-dU:—J‘I;a

U

P!

r

1 1

—u1=—rf|3-&=—w
r.

1

r
U:IF-dr:—W

Potential energy is a relative quantity.

Potential energy of a particle at any position in a
conservative force field is defined as the external
work done against the action of conservative
force in order to shift it from a certain reference
point (PE = 0) to the present position.

At a certain reference position, the potential
energy of the particle is assumed to be zero.
Relationship between conservative force field
and potential energy:

KEY POINTS \

+ Energy
¢ Potential energy
¢ Kinetic energy

Definitions

Potential energy of a body is
the energy possessed by a
body by virtue of its position or
configuration in the field.

$ . Concept Reminder

-

Potential energy is related to

conservative force by formula

- oU~. 00U~ dU~
F=-VU=gradlU)=-—i-—j-—Kk
ox oy 0z

24,



-~ oU, oU~ 0Un
F=-VU=gradlU)=——i-—j—-—%k
0 X oy 0z

Potential energy may be positive or negative or
even zero

[ Wn Forces

U +ve

U -ve : r—
J Attraction Forces

(i)  Potential energy is positive, if force field is
repulsive in nature.

(i)  Potential energy is negative, if force field is
attractive in nature.

If r 1 (separation between particle and force

centre), U1, force field is attractive or vice-versa.

Ifr |, U [, force field is repulsive in nature.

Rack your Brain “

The potential energy of a system
increases if work is done:

Q]
(2)
©)
4)

Upon the system by
conservative force
By the system against
conservative force
Upon system by non-
conservative force
By system against non-
conservative force

Ex. Find force at (1,2) if potential energy for particle is U = x® — x? + 2y + y2.

N

Sol. F= —[(3x2 - 2x)Ai +(2+ 2y)JJ

F= —[(3x2 —2x)f+(2+2y)ﬂ

Fuz = —[? + 6]i|

Ex. Potential energy of a body is given equation

U =20 + (x = 1)* the find. (Given mechanical energy = 45 J)

(@) Minimum potential energy.
(b) Maximum kinetic energy

Sol. (a) U_, =20J [as min. value of square is zero]

mi

(b) K+U =45
K_+U_ =45

ma; min

K..,=25 as [U

ma.

= 20]

min

25.
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Ex.

Sol.

Ex.

Sol.

Force between the diatomic molecule has its origin from the interaction
between the electrons and the nuclei present in each atom. This
force is conservative and associated potential energy U(r) is, to a good
approximation, represented by the Lennard-Jones potential function.

ool (3
r r

Here ris the distance between the two atoms and U_and a are positive
constants. Develop expression for the associated force and find the
equilibrium separation between the atoms.

Using equation F = —%, we obtain the expression for the force
r

13 7
F:GUO S
a r r

At equilibrium, force must be zero. Therefore, the equilibrium
separation is r, = 2"%a.
Potential energy of a particle of mass 2kg depends on position x as,
U = x2 = 10x + 20 J. If kinetic energy of particle at x =2 m is 7 J, then
find:
(i)  Total mechanical energy of particle
(i) Find minimum potential energy of particle
(ili)  Find maximum K.E of particle
(iv) Find maximum speed of particle during motion
() Atx=2m,KE=7J
at x=2m,U=(2?2-10(2)+20=4J
So, atx=2m, M.E.=KE+ U
ME. =7+4=11J
As particle is moving under the effect of only conservative force,
so, M.E is constant.
(i) U=x2-10x+20J
at maximum or minimum-
du _
dx
so, X=5bm

0 = 2x-10=0

2
So, U will be minimum atx=5m {:—Lj > 0}
X

and U_ =(5)?-10(5)+20; U_ =-51J

26.



(i) M.E=(KE)  +U__
11J = (KE)__+(-5)16 J

= (KE)_ =91J

. 1

(iv) (KE).,, = gmvfnax =16 J

= %mviax =16 J = v_,_ =4 m/sec

Kinetic Energy:

Kinetic energy (K.E.) is the energy possessed by
an object by virtue of its motion.

Kinetic energy of a body of mass ‘m’ moving with

a velocity ‘v’, KE = %mvz.

Kinetic energy is a scalar quantity, which has only
magnitude.

The kinetic energy of a body is a measure of the
work a body can do by the virtue of its motion.
Examples for bodies having K.E

(1) A vehicle in motion.

(2) Water flowing in a river.

(3) A bullet fired from a gun.

Kinetic energy depends on frame of reference.
Ex: kinetic energy of a person of mass m sitting in
a train moving with speed v is zero in the frame

. 1 .
of train but Emv2 in the frame of earth.

Relation between K.E. and linear momentum:
2
KE=tmv2=—— - lpy (- P=mv)
2 2m 2
If two different masses bodies have same

momentum, then lighter body will have greater

KE [ KE o 1) .
m

When a bullet is shoot from a gun the linear
momentum of the bullet and gun are equal and

opposite.
ie. KEbuLLet _ Mgun
KEgun Mbullet

Definitions

¢ Kinetic energy is the energy
possessed by a body by virtue
of its motion.

¢ Kinetic energy of a body of
mass ‘m’ moving with a

. 1
velocity ‘v’, KE = Emvz.

Sr‘ . Concept Reminder
2
e KE= lmv2 _ P
2 2m

e P=,/2mKE

27.
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Therefore, the KE of the bullet is greater than
that of the gun.
A body can have energy without momentum. But
it cannot have momentum without energy.
A m mass bullet moving with velocity v stops
in wooden block after penetrating through a
distance ‘x’. If resistance force F is offered by
the block to the bullet. (Assuming F is constant
inside the block)

1 mv? )

—mv? =Fx; F= , v X
2 2 X

For a given body:
(a) The graph between KE and P is a parabola.

KE&

N

A

—’P

(b) The graph between VKE and P is a straight
line passing through the origin.

Its slope = 1

fom
JRA

T

»
»

—’P

(¢) The graph between +KE and % is a

rectangular hyperbola.

Sr‘ _ Concept Reminder

¢ Kinetic energy is a scalar
property that is associated with
state of motion of an object.

¢ An aeroplane in straight and
flight has translational KE and
a rotating wheel has rotational

KE.

Rack your Brain @

The kinetic energy acquired by
a mass m in travelling distance
d, starting from rest, under
the action of constant force is
directly proportional to:

1 m (2) m°

@3) ym @) 1/Jm
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>
—

1
P

e A particle is projected up from a point at an angle
‘0’ with the horizontal. At any time ‘t” if ‘P’ is linear
momentum, ‘y’ is vertical displacement and ‘x’
is horizontal displacement, then nature of the
curves drawn for KE of the particle (K) against
these parameters are
(i) K-ygraph:

K = K, — mgy; It is a straight line

KA

(ii) K-t graph:

K =K —mg[uyt—%gt’-’)

y=uzt —%gtz; It is a parabola

KA

(iii) K-x graph:

2

K=K —mg[xtane— gx ]
2

2u

X

29.
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y = (tan0)x — [%J x?; It is also a parabola
2u;

KA

\_

v
x

(iv) K- P? graph:
It is a straight line curve, which is passing
through origin and

slope = 1
2m

P2 =2 mK

P2oc K

CONSERVATIVE AND NON-CONSERVATIVE
FORCES:

While analysing the problems utilise the
principle of energy conservation, it is necessary
to distinguish between two types of forces:
Conservative Forces:-

There are two path in which we can explained a
conservative force.

A force is conservative if the net work-done
against the force in moving a mass between two
points depends only on the location of two points
and not depend on the path length followed.

OR

The net work-done against the force in moving
a mass through any closed path is zero. These
two criteria are equivalent. A conservative force
follows both properties.

Examples of conservative forces are Gravitational
force, electrostatic forces, ideal spring forces.
We can always explained potential energy for

KA

Rack your Brain ﬂ

A force is conservative if the
net work done against the force
in moving a mass between two
points depends only on the
location of two points and not on
the path followed.

30.



every conservative force. Corresponding to these
conservative forces we have elastic potential

energy, gravitational potential energy and
electrostatic potential energy.
KEY POINTS

Non-Conservative Forces:

Those forces which do not satisfy the above-
mentioned criteria are not conservative in nature.
Viscous forces and friction are the most common
examples of non-conservative forces.

+ Conservative force
+ Non-conservative force
+ Potential energy of spring

Work done does not depend upon path. Work done depends upon path

Work done in a round trip is zero e.g. gravitational Work done in a round trip is not zero e.g. friction
force

Central forces, spring forces etc. are conservative Forces which are velocity—dependent in nature

forces e.g. dragging force, viscous force, etc
When a conservative force acts within a system, Work done against a non—conservative force may
the kinetic energy and potential energy can be dissipated as heat energy.

change. However, their sum, the mechanical
energy of the system, does not change.

Work done is completely recoverable Work done is not completely recoverable

Potential energy stored in a spring:
The potential energy change of a system corresponding to a conservative
internal force is

du = - [F-dx,
0
dU = — (work-done by the spring force)

—Kx? 1,
du = | —=|: Ui~y = JKx

Since U, is zero when spring is at its natural length

1
U, = —Kx?
2

31.
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Ex.

Sol.

Ex.

Sol.

Ex.

Sol.

Ex.

Two spheres balls whose radii are in the ratio 1: 2 are moving with
speeds in the ratio 3 : 4. If their densities ratio 3 : 2, then find out the
ratio of their kinetic energies.

KE r

3 2 3 2
— =—X|— | X|— | =—X|—| X|—
KE, p, ry v, 2 (2 4
KE, 3 1 9 27
—_— X — X — = —
KE, 2 8 16 256

A particle is projected at 60° to the horizontal with a kinetic energy ‘K.
Find the kinetic energy at the highest point?

Initial kinetic energy is K = %mu2
The velocity at highest pointv = u cos 6
Kinetic energy of a particle at highest point

K, = lmvi = lmu2 cos? 0 = Kcos? 60° = K
2 2 4

An athlete in the Olympic games covers a distance of 100 m in 10 s.
His kinetic energy can be estimated to be in the range.

Approximate mass of the athlete = 60 kg

Average velocity =10 m/s

Approximate

KE = %mvz = %xaomo2 =3000J

Range of KE = 2000 J to 5000 J

Kinetic energy of an object moving along a circle of radius ‘r’ depends
on the distance as KE = cs?, (c is constant, s is displacement). Find the
force acting on the object.

1 5 5 2c
—mv~® =cs = V=|,—1|s
2 m
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dv 2¢c ds 2¢c
atz—: —_— X — =V, |—
dt \m dt \' m
2c 2c 2c
Ft:mat:mv—:m—s — =2cs
m m m

Total force

2
2
mv
F=\F +F = (2c:s)2+[—r J

2
F=2cs /1+S—
r2

Work-Energy Theorem:
Work-done by all forces acting on a body is equal
to change in its kinetic energy.

e, W=K, -K = v - X2
2 2

Where K and K. are the initial and final kinetic
energies of the body.

Work-energy theorem is applicable not only for
a single body but also for a system of particles.
This theorem is applied to a system of two or
more bodies change in kinetic energy of the
system is equal to work done on the system by
the external as well as internal forces.

Work energy theorem can also be applied to a
system under the action of variable forces, pseudo
forces, conservative as well as non-conservative
forces.

Proof:
For constant force:

—Uu ‘—>V
® O
S

v2 = Uu? + 2as

Sr‘ . Concept Reminder

. -

According to work-energy theorem

W =k, —k, =%m(v2 -u?)

S‘-‘ . Concept Reminder

In uniform circular motion work
done by centripetal force is always
zero. So, kinetic energy and speed

remains constant.

33.
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= v?-u? :Q[EJS
m

(v’ —u*)m  AKE
2F F

- S=

= Fs = AKE = W = AKE

For variable force:

W:dex:Jmadx:jm[%jdx

2

= J-mvdv = m{v—} =Mz 2
f 2 2

u

= W = AKE

How to use work-energy theorem:
Identify the initial (1) and final (2) positions of a
system or a particle then write expressions for
initial and final kinetic energy.
Write work done by all the forces acting on the
body during it goes from initial to final position.
Equate total work-done to change in kinetic
energy

W.D. = KE, - KE,

Applications of work-energy theorem:

A body of mass ‘m’ starting from rest acquire a
velocity ‘v’ due to constant force F. Neglecting air
resistance.

Work done = change in kinetic energy = %va

A body of mass m is thrown vertically up with
a speed u. Neglecting the air friction, the work-
done by gravitational force, as body reaches
maximum height is
W, = AK =K, =K
1 1

W, = —m(0)®> - —mxu? = LY.
€ 2 2 2

Rack your Brain ﬂ

A body of mass 3 kg is under a
constant force which causes a
displacement s in meters in it,

. . 1
given by relation s = th, where

t is in seconds. Find work done
by the force in 2 s.

KEY POINTS \

¢ Work-Energy theorem
¢ Applications of work-energy
theorem
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A particle of mass m falls freely from a height h
in air medium onto the ground. If v is the velocity
with which it reaches the ground, the work done
by air friction is W, and work done by gravitational
force W, then,

W, + W, = %va -0= %mv2
A block of mass m slides down a frictionless
incline of inclination ‘0’ to the horizontal. If ‘h’ is
the height of incline, the velocity with which body
reaches the bottom of incline is

) 1o
Wg:AK, mgh_Emv -0

1
h=—mv? v=.,2gh
mgh = —mv*; v J2¢8

A block of mass m starts from rest (initial speed
= 0) from the top of a rough inclined plane of
inclination 6 and length L. The velocity v with
which it reaches the bottom of incline if p, is the
coefficient of kinetic friction is

W, + W, = Ak

(mgsin )L + (—u,mg cos O)L = %va -0

V= \/2gl(sin6 — W, cos0)

A bob of mass m suspended from a string of
length L is given a speed u at its lowest position
then the speed of the bob v when it makes an
angle 0 with the vertical is

W, +W. = AK

= -mgl(1-cos6)+0 = %m(v2 —u?)

V= \/u2 - 2gl(1-cos0)

A m mass bullet moving with velocity v stops
in a wooden block after penetrating through a
distance x. If f is the resistance offered by the
block to the bullet.

sl" _ Concept Reminder

Work-energy theorem is applicable
for all types of forces i.e. external,
internal, conservative, non-

conservative, pseudo forces.

Rack your Brain a

Consider a drop of rain water
having mass 1 g falling from a
height of 1 km. It hits the ground
with speed of 50 ms™. The work
done by the:

(a) Gravitational force

(b) Resistive force of air

35.
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W, =K, —K; —fx=0-KE
i.e., stopping distance
KE. mv?  P?

f 2f 2mf

A block of mass ‘m’ attached to a spring of spring
constant ‘K’ oscillates on a smooth horizontal
table. The other end of the spring is fixed to
a wall. It has a speed ‘v’ when the spring is at
natural length. The distance it moves on a table
before it comes to rest is calculated as below

Wee + W, + W = AK (SF = spring force)

Let the mass be oscillating with amplitude ‘x..
On compressing the spring

1 2 o.
Wge = _EKX s Wg =FScos90°;
W, = NScos90°=0

Wer = K¢ =K,

= ke =0-tmv? = x = v,
2 2 K

mgh+s)+(-Rs)=0 =R =mg[1+gj

R = resistive force of soil in below figure

In this time of penetration is given by impulse

g

R - t=0- 2gh t=
R-mg)t=0-m2gh =t - ==

¥ . Concept Reminder

v -

Maximum extension in a spring

hanged vertically is x_,

_ 2mg
K
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A body of mass m is initially at rest. By the use of a constant force, its
speed changes to v, in time to the kinetic energy of the body at time t is

W=AK =K, —-K =K, -0

K. =W =mas =ma lat2 :lmaQt2
f 2 2

Ex. A uniform chain of length ‘' and mass ‘M’ is on a smooth horizontal

table, with % part of its length hanging from the edge of the table.
n

Find out the kinetic energy of the chain as it completely slips off the
table.

Sol. Work done
AW =U, -U; =K, - K,
Mgl Mgl 1

—Mv?;
2 2n2 2

Ex. A 2kg block slides on a horizontal floor with a speed of 4 m/s. It
strikes an uncompressed spring and compresses it till the block is
motionless. The kinetic frictional force is 15 N and spring constant is
10,000 Nm™. Find the compression in the spring?

Sol. KE=—+mv?=w, + Lk

2 2

friction

= %x2><42 =15x+%x10000xx2

37.
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=  5000x”+15x - 16 =0
= x=0.055morx=55cm
Ex. In the below figure, what constant force ‘P’ is required to bring the 50

kg body, which starts from rest to a velocity of 10 m/s in moving 7 m
along the plane? (Neglect friction)

Sol. Work done by force P in displacing the block by 7 m,
W, = (Fcos 0)(s)

W, = (P cos 30°)7 = N3py
2

W, = -mgh =-50x9.8x7sin30° = -1715 J

According to work energy theorem

1 2 2
W, + W, =Em(v2 -Vv3)

%P—‘I?’IS:%XSOXGOQ -0%)

= P=607N

Ex. Figure shown a spring fixed at the bottom end of an incline of
inclination 37°. A small body of mass 2 kg starts slipping down the
incline from a point 4.8 m away from the spring. The body compresses
the spring by 20 cm, stops momentarily and then rebounds through
a distance 1 m up the incline. Find (i) the friction coefficient between
the plane and the body and (ii) the spring constant of the spring.
(g =10 ms™)



LLITTA Tl TL LT LT LTI 7§74

Sol. Applying work energy theorem for downward motion of the body
W = AKE

mgsinO(x +d) - fxL, —%sz = AKE

. 1
205sin37°(5) — u x 20c0s 37° x 5 — 5K(O.2)2 =0
80u + 0.02K = 60 ()
For the upward motion of the body
-mgsin0l, + (fxl,) + %Kx2 = AKE

—2x10$in37°><1—u><2OCos37°><1+%K(0.2)2 =0

16 — 0.02K = —12 ..(ii)

Adding equations (i) and (ii), we get

96p =48 = u=05
Now, use the value of p in equation (i), we get
K =1000 N/m.

Ex. A block has given a velocity 30 m/s on a smooth track. Find velocity
when it reaches point B.

10 Kg
30 m/s B

20 m 35 m

Sol. WD = AK
WD, = AK

~10x 10 % [35 - 20] = % x 10[v; - (30)*]

V; =600 m/s
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Ex. Find maximum compression of spring during subsequent motion ?

Rest

Smooth ]—fmmm\{

1
Sol. W, +W, +W, = 5m[v$ -v?]

O+mgh+%k[0—x2 1=0-0

max

/2m h
mgh = %kxfnax = Xpayx = kg

Ex. A particle of mass 2kg is projected upwards with velocity 30 m/sec.
If it attains a maximum height of 40 m, then find work done by air

resistance.
Rest
B. .‘

Sol. From Ato B
140|m |

30 m/sE

A

1 2 2 1 2 2
Wg+Wair=Em[vf—vi] = —2><1O><4O+Wair=5><2[0 - 307]

~800 + W,, =-900
W, =-900 + 800 = ~100 J
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Ex. If first half part of inclined plane is smooth and next half part is
rough and block start from rest and again comes to rest. Just before
reaching at bottom of inclined plane then find p of rough part?

Sol. W + W, +W, =m(v{ - v})
0+mgsindx2L —umgcosOxL=0-0
= p=2tano

Ex. Knife is released from rest from a height h and it again comes to rest
after entering the ground to a depth x. Then find resistance force

offered by ground to knife?

X

i
|
I
i
I
4
TTFTT777
mri

1
Sol. W, +W, = Em(vf -v?)

mgh+x)-Fx=0-0

mg(h+1J=F
X

a41.




Ex. Block is released from rest when spring is at natural length L. Then
find maximum elongation of spring during subsequent motion?

L2LL

Rest

Sol. Apply W.E. theorem from position A to B:

1 2 2
W, + W, = Em[vf -v7]

2

Tk
mg e XmaX = 5 Xmax

2mg

k Xmax

Ex. Velocity of a particle of mass 0.5 kg depends on position x as, v = 5 x¥/?
m/sec. Find total work done on particle fromx=0tox=2m?
Sol. m = 0.5 kg
at x=0, v,=5(0)?=0
at x=2m, v, =502 = 102 m/sec
1 2 2
= Em[v]c -V/]

SO, all foces

%XOEDOO—N=5OJ
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Ex. Find maximum compression of spring during subsequent motion. If
particle is released from rest from point A, which is at a height 0.4 m
from free end of the spring. (Take g = 9.8 m/sec?)

Rest
A 2 Kg

h=04m

k =1960 N/m

Sol. Apply W.E theorem from position A to B:

1 2 2
W, + W, =5m[v]c -v’]

mgh+x__ )+ %k[o2 -x2 1=0-0

2x9.8(0.4 + X

max

1
) + i 1960(0-x2_)=0

19.6(0.4 + X, ) = %x 1960 x X2

50x2_ —-x . —-04=0

max

1
SO, X = E m or 10 cm

Ex. A constant force is applied on the spring block system and
displaces it from natural length. Find maximum elongation if spring

constant is K.
% :NL (Natural Length)
F
Sol. WD = AK

(WD), + (WD), = K, - K,
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Ex. If truck start from rest with constant acceleration a, Find the
maximum elongation in the spring of spring constant K.

—a, m/s?

Sol. Applying W.E. Theorem in Truck’s reference frame

v=20

Ma

WD = AK

pseudo force

WDspring +

ke +Ma, -x =0
2

_ 2Mao
K

X

POTENTIAL ENERGY AND EQUILIBRIUM
A body is known as in translatory equilibrium, if net force acting on the

body is zero i.e., Fret =0
If the forces are conservative
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Fo_du
dr
and for equilibrium F = 0O,
SO, _au =0 :>d—U =0
dr dr

At equilibrium position point slope of U-r graph is
zero or the potential energy is optimum (minimum
or maximum or constant)

TYPES OF EQUILIBRIUM

There are three types of equilibrium-
(i)  Stable equilibrium

(i)  Unstable equilibrium

(iii) Neutral equilibrium

Stable equilibrium:
Net force is zero.

i—u =0 or slope of U-r graph is zero.
.

When displaced from its equilibrium position

point , a net retarding forces starts acting on

the particle, which has a tendency to bring the

particle back to its equilibrium position point.

PE in equilibrium position point is minimum as
2

compared to its neighbouring points as d—L: is
r

positive.
When displaced from equilibrium position point
the centre of gravity of the body comes down.

EEqu point

v

X
| RS S——
57

KEY POINTS \

Stable equilibrium
Unstable equilibrium
Neutral equilibrium

¥ . Concept Reminder

For stable equilibrium

2
d—U=0anddU

>0
dr dr?

Work, Power and Energy
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Unstable equilibrium:
Net force is zero.

i—u =0 or slope of U-r graph is zero.
.

When displaced from its equilibrium position

point, a net force starts acting on the object which

moves the object in the direction of displacement

or away from the equilibrium position point.

PE in equilibrium position point is maximum as
2

" du . .
compared to other positions as ey is negative.
r

When displaced from equilibrium position point
the centre of gravity of the body goes up.

Neutral equilibrium:
Net force is zero.
du

ar 0 or slope of U-r graph is zero.
;

When displaced from its equilibrium position
point the body has neither the tendency to come
back nor move away from the original position.

PE remains constant even if the body is moving
2

to neighbouring points v 0.
dr?

When displaced from equilibrium position point

the centre of gravity of the body remains constant.

X | X,

D D

Equ

$ . Concept Reminder

For unstable equilibrium
du d*u

— =0 and
dr dr?

<0

¥ . Concept Reminder

For neutral equilibrium
2
d_U =0 and d_U =0
dr dr?
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When displaced slightly, from When displaced slightly from When displaced slightly from
its equilibrium position a net its equilibrium position, a net its equilibrium position the

restoring force starts acting on force starts acting on the body body has neither the tendency

the body which has a tendency which moves the body in the to come back to original
to bring the body back to its  direction of displacement or  position nor to move away

equilibrium position.
position.

away from the equilibrium from the original position.

2. Potential energy in equilibrium Potential energy in equilibrium Potential energy remains

position is minimum as

d2u
dr?

3. When displaced from

d2uU
dr?

points or = positive points or

down.

Law of Conservation of Mechanical Energy:

A system total mechanical energy is remain
constant, if only conservative forces are acting
on a system of particles and the work done by all
other forces is zero.

U -U=-W

From work energy theorem
=k, -k

U -U =-(k-k)

U+ k.= U +k

= U + K = constant.

The addition of kinetic energy and potential
energy remains constant in any state.

A objectis projected vertically up from the ground.
When it is at height ‘h’ point above the ground,
its potential and kinetic energies are in the ratio
x :y. If ‘H” is the maximum height reached by the
body, then

position is maximum as
compared to its neighboring  compared to its neighboring

= negative position or
When displaced from

equilibrium position the centre equilibrium position the centre equilibrium position the centre
of gravity of the body goes up. of gravity of the body comes

constant even if the body is

U
arz = 0

When displaced from

at the same level.

Definitions

Mechanical energy E of a
particle, object or system
is defined as sum of kinetic
energy K and potential energy
u.

E=K+U

Rack your Brain “

The potential energy of particle
in a force field is U —Az—E

r’ r
where A and B are positive
constants and r is the distance
of the particle from the center of
field. Find the distance of particle

for stable equilibrium.

47.
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Ex. A massless platform is kept on a light elastic spring as shown in
figure. When a sand particle of 01kg mass is dropped on the pan
from a height of 0.24m, the particle strikes the pan and the spring
compresses by 0.0lm. From what height should particle be dropped
to cause a compression of 0.04 m.

» 01 Kg

Sol. By conservation of mechanical energy
1
mg(h+y) =~ Ky’

h = height of particle
y = compression of the spring
As here particle and spring remain same

2
bty (y_]
hy+y, 1Y,
0.24+0.01 (0.01)
h, +0.04 |0.04

= h,=3.96m

=

Ex. A small mass ‘m’ is sliding down on a smooth curved incline from a
height ‘h’ and finally moves through a horizontal smooth surface. A
light (massless) spring of force constant ‘K’ is fixed with a vertical rigid
stand on the horizontal surface, as shown in the figure. Find the value
for the maximum compression in the spring if mass ‘m’ is released
from rest from height ‘h’ and hits the spring on the horizontal surface.

—7 A

C K




Sol.

Ex.

Sol.

Ex.

Sol.

Conservation of energy b/w positions A and C

(PEA )block + KEA = (PEC )spring + KEC

mgh+0:%Kx2+0

mgh:lKXQ; X :1,2mgh
2 K

A vehicle of mass 1500 kg climbs up a hill 200 metre high. It then
travelled on a level road with a speed of 30 ms™. Find out the potential
energy gained by it and its total mechanical energy while running on
the top of the hill.
m = 1500kg,
g= 9.8 ms™2, h = 200m
Potential Energy gained,
U =1500 x 9.8 x 200 = 2.94 x 10° J

L

KE = mv? = - x 1500 x (30)?
2 2

= 0.675 x 10° J
Total mechanical energy is
E = (0.675 + 2.94) x 10° = 3.615 x 10°%J

A particle is released from height H. At certain height from the ground
its kinetic energy is twice its gravitational potential energy. Find the
height and speed of particle at that height.
K.E=2PE
But KE =TE - PE
mg(H - h) = 2 mgh; mgH = 3 mgh
= h=—;

3

Also, KE = 2 PE,

D = 2mg[ﬂJ
2 3

= V=2g—H
\/3
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Ex. The potential energy of one kilogram particle free to move along X -

x* X2

axis is given by U(x) = (T_?]J' The total mechanical energy of the

particle is 2 J. Find the maximum speed of the particle.

Sol. For maximum value of U, Z—U =

X
3

4L—2—X=O or x=0, x==%1

4 2

At x =0,
du
dx?

At x =11,
2
dl’j=2
dx

Hence U is minimum at x = + 1 with value

-1

max min
9
or KmaX:—+2 :>KmaX:—
4
1 2 9 1
= —_mv =— =V =—ms




Ex.

Sol.

Ex.

Sol.

Find W.D in stretching a storing of spring constant K from extension
X, to extension 3 x, ?
WD by us against spring = AU = U, — U,

1 1
5 k(3XO )2 - 5 k(XO )2

1 2 2
Ek[g X — X1

%k(ng) = 4kx?

Two springs have spring constants k, and k,. Then find ratio of W.D in
stretching these springs:

(i)  If they are stretched to same extension.

(i) If they are stretched by same stretching force.

. 1,2
) WD=-=k
(M 5 KX

If x = same, then WD « k

oWk
W2 k2

2,2 2

(i) WD =tk o 1K

2 2 k 2k

If stretching force, F = same then WD « %
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Ex. Particle is released from rest from top of inclined plane then final

value of R?
A 2 Kg Rest

A
100 m

B y=2

Smooth
20 m
R="?

Sol. Apply come from A to B-
k,+U, =k, +U,

0+2><‘IO><’IOO=%><2><V2+2><10><20

= 2000 -400 = v?
1600 = v2
v = 40 m/sec

2h
and R =v |22 = 40.[2229 _40x2
g ET

= R=80m

Ex. Particle is released from rest from position A then find velocity of
particle when string becomes vertical ?

LLLLLLL LLLLLLLLL Ll
h
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Sol. Apply come from A to B-

Rest

AIh =L (1- cosb)

K1+U1=K2+U2

O+mg><L(1—cos(9)=%mv2 +0
\J28L(1-cos0) =v

Ex. A particle of mass ‘m’ is projected vertically upwards so that it reach
to a maximum height ‘H’, then find ratio of its K.E to P.E when it was

at a height ; from ground ?

Sol. Apply come from A to B- Rest
K, +U, =K, +U, .m@

K +ngH:0+mgH

1
mgH AQ

= K,=mgH- 4 H
3mgH %
K
So, ~1-_4 .3 @)
U, mgH 1 Y, v
4

Ex. A chain of mass ‘m’ and length L is held on a frictionless table in such
a way that 1/n* part is hanging below the edge of table. Calculate the
work done to pull the hanging part of the chain.

Sol. Required work done = change in potential energy of chain
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Now, let Potential energy (U) = 0 at table level

5‘ ~ Concept Reminder
inst d_W = E ’ \7
dt

So potential energies of chain initially and finally are respectively

MgL
2n?

MgL

2n?

The rate of doing work is called power. Power or average power is given by

U—_mgi —_ngi [
i 2n L/n-2n
. required work done =U, -U, =
POWER
B work done
8 time

Power is a scalar quantity.
S| Unit: watt (W) or J/s.
CGS Unit: erg/sec.

Other units: mega watt, kilo watt and horse power.

One horse power (hp) = 746 watt
Instantaneous Power:

Po Lt [MJ
At—0| At

It is also calculated by
P=Fvcos0=F-v

Relation between Pavg and P,

inst *

5 _ﬂ_mv2_1 v
gt 2t 2

t
1
P, =—P

avg 5 inst

1 12 -
VI—| =—mav=—F-v
2 2

Rack your Brain

o

If F=(60i+15j-3k)N and
v=(21-4]+5Kk) m/s. Then find

out instantaneous power.

Q

KEY POINTS

Average power
Instantaneous power
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The area under P-t graph gives work done
p_dW
dt

W=J'Pdt

The slope of W-t curve represent instantaneous
power

P:d—W:tane
dt

Power

@] time

Applications on Power:

The power of a machine gun firing n bullets each
of mass m with a velocity ‘v’ in a time interval ‘t’
is given by

1.2
n|—mv )
P 2 _ nmv

t 2t

A crane lifts a body of mass ‘m’ with a constant
velocity v from the ground, its power is
P=Fv=mgv

Power of lungs of a boy blowing a whistle is P = %

(mass of air blown per sec) (velocity)?.

Power of a heart pumping blood = (pressure)
(volume of blood pumped/sec).

A conveyor belt is running with a constant speed
v horizontally and gravel is falling on it at a rate

Sr‘ _ Concept Reminder
Practical uniform power is horse-
power (hp)

1 hp = 746 watt

Rack your Brain ﬂ

The heat of a man pumps 5
litres of blood through arteries
per minute of a pressure of 150
mm of mercury. If the density of
mercury be 13.6 x 10° kg/m® and
g = 10 m/s? then find power (in
watt)
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of d_m Then additional force required to maintain

speedvis F = VZ—T and additional power required

to drive the belt is,
2 dm

P=Fv=yv
dt

Power of pump:
As variable mass system with constant velocity

V-meter

Area of cross section = a m?
Density of fluid = p kg/m?

. dm
mass is 1 second = — = pav
dt
. dm 2
Force on fluid by pump = VE = pav

Power of pump = v? Z—T = pav®

A vehicle of mass m is driven with constant
acceleration along a straight level road against a
constant external resistance R when the velocity
is v.
Power of engine is

P=Fv=(R+ma)v
If rated power P of a device and if its efficiency
is X%, useful power is (output power)

¥ . Concept Reminder

v

If a pump motor is used to deliver
water at a certain rate from a
given pipe then to obtain ‘n’ times
water from same pipe in same
time power of motor should be

increased by n® times.
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_ X5
100

If a motor lifts water (liquid) from a well of depth

‘h’ and delivers with a velocity ‘v’ in a time t then

power of the motor

P 1

mgh + Jv?
P-— 2
t

If a particle of mass ‘m’ starts from rest and
accelerated uniformly to a velocity v, in a time
t,, then the work done on the body in a time ‘t’
is given by

2
v, t
W = S my? :lm(ij

2 2 | t,
v v

a=-—2; v:at:(—O]t
tO tO

Instantaneous power,
P =Fv = mav

P= mv—o{v—"]t = mﬁt
o\t tg

A motor pump is useful to deliver water (liquid)
at a certain rate from a given pipe. To obtain n
times water from the same pipe at the same time
by what amount of (a) force and (b) power of the
motor should be increased. If a liquid of density
‘p’ is flowing through a pipe of cross section ‘A’ at
speed ‘v’ the mass coming out per second will be

—=Av
dt P

To get ‘n’ times water at the same time

(dmj (dm]
- =Nn|—
dt dt

= A'v'p'=n(Avp)

As the pipe and liquid are not changed,
p=p; A'=Aand v'=nv

Rack your Brain ﬂ

How much water a pump of 2
kW can raise in one minute to a
height of 10 m? (take g =10 ms™)
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[dmjl ( dm}
V| — (nv)| n—
F' dt dt 5

= — = = =N
F (dmj
V —_—
dt

1

as P =Fv
P' F'v' (n°F)(nv
7P TR - F)\E =’
F'=n’F
P'=n’P
To get n times of water force must be increased n? times while power
n?® times.

Ex. The 50 N collar starts from rest at A and is lifted with a constant speed
of 0.6 m/s along the smooth rod. Determine the power developed by
the force F at the instant shown.

0.9 m

Sol. Since the collar is lifted with a constant speed
TcosO-mg=0
= TcosO=mg=5x%x10

Now, P=I;‘\7=Tcosexv
Here T=F
P=50xv=50x0.6=30W

Ex. A machine delivers power to an object which is directly proportional
to velocity of the object. If the object starts with a velocity which is
almost negligible, find the distance covered by the object in attaining a
velocity v.

Sol. Power
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EXx.

Sol.

Ex.

P=FvcosG=Fv=m(%JV:>Pocv

mvd—v = Kov
dt

Where K, = constant
md—V=K0:> m av %=KO
dt dx ) dt

K
mvd—V =K, = vdv = {—O]dx
d

X m
Integrating
vio(K, 1 mv?
—=|—|X =>x==
2 2 2 K,

Find out the power of an engine which can draw a train of 400’ metric
ton up the inclined plane of 1in 98 at the rate 10 ms. The resistance
due to friction acting on the train is ‘10’ N per ton.

Given,

sing = i; m = 400 x 10°kg
98
Friction force,
F =10 x 400 = 4000 N

Velocity, v =10 ms™
Power, P =(mgsin6 + f)v

P=||400x10° ><9.8><i + 4000 |x 10
98
= 440000 W = 440 KW
A pipe (hose) has a diameter of 2.5 cm and is required to direct a jet

of water to a height of at least 40 m. Find out the minimum power of
the pump needed for this hose.

Sol. Volume of water ejected per sec

2
d
Av =n(EJ x,/2gh md/s
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EXx.

Sol.

Ex.

Sol.

Mass ejected per sec is
1

M=—nd®x,2ghp Kg/s
2" x4J28nhp Kg

Kinetic energy of water leaving horse / sec

KE = —rv? = —nd? (2gh)*? xp
2 8
- %x 314 x (2.5x 10°2)? x (2 x 9.8 x 40)*' x 1000
= 21.5 KJ

A particle of mass m accelerates uniformly from rest to velocity v, in
time t,, find the instantaneous power delivered to particle when

v
velocity is —2.
2
VO

Acceleration a = —=
tO

mv,

Force F =
0

Instantaneous power

o_p Yo _[MVe|Ve _mvg
2 t, |2 2t

54000 litre water falls per hour from height 100 m and one-third of
gravitational potential energy is converted into electrical energy. How
much power is generated?

AU

Ay _meh _ ) 10% 10 x 100
At t

AU,

—w —54x%x10° J/hr.
At

1( AU
Electrical ener er hour = —| —
& p 3(At]
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P _ Eelectrical _ = 5Kw

electrical — t 60 x 60

EFFICIENCY
Ratio of output power to Input power.

Input Power Output Power

Loss

Output power
Input power

Efficiency =

Ex. A ball throwing cannon, lifts ball and throws with 72 km/hr Speed. If
balls are raised upto 10 m. then find Input power of cannon if it lifts 8
balls per minute and its efficiency is 80%. Mass of each ball is 1 kg.

Ak + Au
sol. p- W _T77%
t t
Bﬂx(zo)2 —0}+1><10><10
=8
60
8x 300
Poutput = T =40 watt
I:)output - 08
I:)input
40
Pinput = ﬁ =50 watt

Ex. (1) Find average power generated by gravitational force till particle
reach maximum height.
(2) Instantaneous power of gravitational force.
(a) At striking point
(b) At maximum height.
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wD -Mgh__ i .
Sol. (1) Pug = T T/'Q"a [T is time of flight]
_ —Mgxu’sin®6 —Mgusin®
0 2
2g xusin—
g
(20 P=F-v

(a) P=—mg}-(ucosef—usin93)
= mgx[using]
(b) P:—mgj~ucosef =0
Note: If power is constant then average power is same as instantaneous
power

Ex. A Car accelerates under constant power P, find the velocity of
automobile as a function of time t and as a function of position, given
that mass of car is M.

P=F.v
For time For position
dv - vdv -
P=M—.Vv P=M v
B dt dx

\ t
sol. (1) Iv~dv:%jdt
0 0

2P
vi=—t
M
= |2
M
\Y S
@ [vdv= jﬂdx
M
0 0
3Px
vis—=
M
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Ex. A block is dragged by a machine with constant speed of 36 km/hr as
shown find power output of machine.

o JB_230 i

p=0.4

Sol. P=F.v
P=umgx10 =80x10 = 800 watt

Ex. A cartis pulled by a machine along the inclined plane. with constant
speed of 72 km/hr. Find out power of machine.

Sol. P=F.v

= [mgsin®+pumgcosO]-v

=[60 + 0.2 x 80] x 20 = 1520 watt

Ex. A pump of power 1 H.P. is ejecting water with constant velocity of
10m/s find mass of water coming out of pipe in one seconds.
_2dm
dt

dm _ P _ X746 _ . 46 kg/s
dt V2 100

Sol. P

Ex. An engine pumps water of density r, through a hose pipe. Water leaves
the hose pipe with a velocity v. Find:
(a) Rate at which kinetic energy is imparted to water
(b) Power of the engine.
Sol. (a) Rate of change of kinetic energy
9 _ 1[1mvz] _1,2dm
dt  dt|?2 2 dt
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Ex.

Sol.

1, d 1 5, dx 1 3
= —Vv° —(pAX) = —pAvV® — = —pAv
2V GrPA) =g PAVE =P
(b) Power
dm 5 dm s 3
Fv=|v—|v=v"— =V (pAv) = pAv
[ dtj It (pAV) =p

A body of mass 2 kg is pulled up on a smooth incline plane of angle
30° with horizontal. If the body moves with an acceleration of 1 m/s?,
find the power delivered by the pulling force at a time 4 seconds after
motion starts. Find out the average power delivered during these 4
seconds after the motion starts?

The forces acting on the body are shown in figure.

Resolving forces parallel to incline,
F-mgsind =ma
= F=mgsinb+ma
= 2x9.8xsin30°+2x1=11.8 N
The velocity after 4 seconds
=u+at=0+1x4=4m/s
Power delivered by force at t = 4 seconds

= Force x Velocity =11.8 x 4 = 472 W
The displacement during 4 seconds is given by the formula

vZ=u%+2as

vZ=0+2x1xs
s=8m
Work done in four seconds
= Force x distance =11.8 x 8 = 94.4 J
Average power delivered
work done 94.4
time h

=23.6 W
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EXAMPLES
A body is displaced from r, = (2i +4j- Gk) tor, = (5i —4j+ 2k) under a

constant force F = (4? +3j- ﬁ) Find the work done.
Work done W =F.8; W = I?(FB - FA)
W = (4?+3}—ﬁ).[(s?—4]+2&)—(2?+4]—6l2)}

w =(4?+3]—L2).(3?—8]+8&)

W =12 - 24 -8 = -20 units

A force F = 2xi + ] +2zk Nis acting on a particle. Find the work-done by the

force in displacing the body from (1, 2, 3) m to (3, 6, 1) m.
Xy Yo Zy

Work done W = '[ F.dx +J Fydy +I F,dz
X 2 z

1 1

3 6 1
W = J-2xdx +I dy +J- 2zdz
1 2 3

X2 3 6 22 L
W:Q{?} +[y}2+2{7} =4J

1 3
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The force acting on an object varies with the distance travelled by the object
as shown in the figure. Find the work-done by the force in moving the object
fromx=0mtox=10 m.

F(N)4

O 6 10 14 °°

Work done = Area under F-s curve.

W=[lx6x4J+(4x4)=28J.
2

A 20 kg block is pulled along a frictionless surface in the form of an arc of a
circle of radius 5 m. The applied force is 100 N. Find the work done by

(a) applied force and

(b) gravitational force in displacing through an angle 60°

Work done by applied force W = Fr sin6

J3

W=100><5><sin60°=100><5><7=433J

Work done by gravitational force
W = —mgr(1—cose)

W = —20x 9.8 x 5(1 —cos 60°)

W :—98x10(1—%j =-490J
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A uniform chain of length 4 m is kept on a table such that a length of 60 cm
hangs freely from the edge of the table. The total mass of the chain is 8 kg.
What is the work done in pulling the entire chain back onto the table ?

M=8kgL=4m,l=0.6m,g =10m/ s>

L M L
Work done W = —=|—|lg—
4 mg2 [L] g2

W = 8 ><O.6><10><%=3.6J
4 2

Find the work done in lifting a body of mass 10 kg and specific gravity 2.8 to
a height of 10 m in water ? (g = 10 m/s?)

Given specific gravity Po_og

Pw

P, = 2.8xp,, = 2.8x1000 = 2800

Work done W = mgh 1—p—W =10x10x10 1_m
Py 2800

W =16428J

A block of mass ‘m’ is lowered with the help of a rope of negligible mass
through a distance ‘d’ with an acceleration of g/2. Find the work-done by the
rope on the block?

During lowering a block, the tension in rope is

T:m(g—a) and s=d

Work done W = —m(g - a)d

ol g
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If the system shown is released from rest. Find the net work done by tension
in first two second (g = 10 m/s?)

m, -m -
a=|—2—1|g-= 372 0-2m/s?
m, +m, 2+3

— 2mm,g :2><2><3><10 _ 94N
m, +m, 2+3

For each block s=%at2 =%><2><4=4m

W =W, +W, =Ts-Ts=0

A rod of mass ‘m’ and length L is held vertical. Find out its gravitational poten-
tial energy with respect to zero potential energy at the lower end ?

B ldy

by

/7

Choose a small element of length dy, then

Mass of the element dm = [%J dy.



The potential energy of the element dU = (dm)g (y)
Potential energy of the entire rod

U= I[ de gy——gjydy
U:mg(y_j _mel
Lo 2), 2

Under the action of force 1 kg body moves such that its position ‘X’ varies as
3
a function of time t given by x = t?, x is in metre and t in second. Calculate

the work done by the force in first two seconds.

From work-energy theorem W = AKE
3
X = QL, Velocity v = dx _ 2t2
3 dt

At t=0,v,=0, Att=2s, v, =8m/s

W:%m(vg —vf):%x1<82 —O):32J

In a molecule, the potential energy between two atoms is given by

a b

) (x) =————- Where ‘@’ and ‘b’ are positive constants and ‘X’ is the dis-
X X

tance between atoms. Find the value of ‘x’ at which force is zero and mini-

mum P.E at that point.

du

Force is zero = —=0
dx
ie. a(—12) x - b(—6) x' =0
-12a 6b 12a 6b
m T 70> F==%
X X X X
1
6 2a 2a |6
- X =— = | —
b b

69.

Work, Power and Energy



Work, Power and Energy

Substituting the value of x

A vehicle of mass 1500 kg climbs up a hill 200 metre hight. It then run on a
level road with a speed of 30 ms™". Find out the potential energy gained by it
and its total mechanical energy while running on the top of the hill.

m = 1500kg, g =9.8ms ?,h =200m
P.E. gained, U = mgh = 1500 x 9.8 x 200 = 2.94 x 10° J

KE. = 2 mv? = x 1500 x (30)2 — 0.675x 10°J
2 2

Total mechanical energy
E=K+U= (0.675 + 2.94) x 10° = 3.615 x 10°J

Figure shows a particle sliding on a frictionless track which terminates in a
straight horizontal section. If the particle starts slipping from the point A,
how far away from the track will the particle hit the ground ?

A

A

0.5 m

Applying the conservation law of mechanical energy for the points A and B,

mgH = %va +mgh
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2
g_%:%or v2:g = V:\/g=3.'|m$_1

After point B the particle exhibits projectile motion with 6 =0°and y =-0.5m

Horizontal distance travelled by the body

R=u |2 Z34x [2295 1
g \ o8

A machine delivers power to a body which is directly proportional to velocity
of the body. If the body starts with a velocity which is almost negligible, find
the distance covered by the body in attaining a velocity v.

Power P=Fvcos0 =Fv :m[%Jv, Pov

d
mv—V =K,Vv, WhereK, = constant

dt
mﬂ:Ko;m d_v %:KO
dt dx | dt
K
mﬂ:Ko; vdv:(—ojdx
dx m

\Y X K
Integrating '[vdv :J {—Ojdx
m
0]

0

v2 (KO] 1 mv?
| = =y

m

Find the power of an engine which can draw a train of 400 metric ton up the
inclined plane of 1in 98 at the rate 10 ms™'. The resistance due to friction
acting on the train is ‘10’ N per ton.

Given sin0 = 9_18; m = 400 x 10° kg

frictional force f =10x400 = 4000N

1.
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velocity v =10ms™

Power P = (mg sin® + f)v
P= {(400 x 10° x 9.8 x 9—18J + 4000} x 10

= 440000 W = 440 KW

Two bodies of mass m, and m, are moving with velocities 1 ms~' and 3 ms™
respectively in opposite directions. If the bodies undergo one dimensional
elastic collision, the body of mass m, comes to rest. Find the ratio of m and

m,.

u=1m/su,=-3m/s,v, =0

m,—m 2m
v1:(—1 qu1+(—2 Juz
m, +m, m, +m,




WORK
W = [F.ds

W = [F cos6 ds

(6 is angle between
force F and
displacement §)

ENERGY

It is defined as
capcacity of body
for doing work

MIND MAP

NATURE OF WORK DONE Positive Work (0° < 6 < 90°)

Work done by F is positive

Negative Work (90° < 6 < 180°)

Work done by f is negative

Zero Work Done (0 = 90°)

Applied force F > limiting [illsd

friction Work done by Mg and N is zero

WORK DONE BY SPRING FORCE

W, = k (x? - x?)

Work done in pulling the chain

WORK-ENERGY THEOREM

KINETIC ENERGY
Energy in a body due to its motion.

k =% mv?

POTENTIAL ENERGY

Energy of a system due to configuration of the
system or position of particles in system
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