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Determinants

Introduction

a‘11 a12 a13
IAl=lay 2, 2y
a31 a32 a33
= Number of rows = Number of columns (i.e., defined only

corresponding to square matrices)
= The number of rows (or columns) of a determinant is called order
of determinant

a
b

a
T "2] is a determinant of order 2 or we can say that it is a

1 2

second order determinant
Number of rows = 2
Number of columns = 2

Note:
Determinant is a special case of matrix

Expansion of a Determinant

a, b, c,
a, b2 Cyh|= a1b203 + b102a3 + C1a2b3 - a3b201 - b302a1 - C3a2b1
a, b, c

3 3 3

Minors and Cofactors

Minors:
Minor MU corresponding to element a  of determinant I[aij]l is the
determinant corresponding to submatrix obtained by eliminating i row
and j* column.

Note:
Minor of an element of a determinant of order n (n > 2) is a determinant
of order n - 1

Cofactor:
Cofactor A, corresponding to element a is defined as
A, = (="M,
where M, is minor of a,

Note:
Minors and cofactors of the elements a,, a, in the determinant
a11 a’IQ a’I3
A=la, a, ay
a,, a a

33
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Minor of a,
a
a

22 23

a
a

32 33

= 2,35 — a,a,,

Cofactor of a,
A, =(-D"M, =a,a, -a.a

22733 23732

Minor of a,

M. =

21

a a

32

= a8 T 2,53y,

33

Cofactor of a,,
Ay = (_1)2+1M21
= - a,a, a3,

Value of determinant:
Can be evaluated by adding the products of elements of any one row (or
column) with their corresponding cofactors hence

A=a A, +aA,+a A,  (aboutR)
A=aA +aA, +aA (about C)

21 21 31 31

A=aA, +a,A, +a,A (about C))

22" 22 32" 32

Q.

Find the minors and cofactors of all the elements of the determinants

SOl. for element “1”7 = M, =3
A, =(-1)"3=3
for element “-2” = M, =4
A, = (-1)"2.4 = -4
for element “4” = M, =~
A, = (-1)".(-2) =2
for element “3”7 = M, =1

A, = (=121 =1




Sol.

Sol.

2 4
Evaluate

-1 2
2(2) - 4(-1)
=4+4=38

X+ 1
Evaluate
- X

=x(xX) - (x=-1(x+1)
=x2-(x2-1) =1

0 sino.  —cosa,
Evaluate A = -sinaa O sinf
coso,  —sinf 0

Expansion about R,
0  sinf
-sinB 0

—-sina 0
coso.  —sinf

—-sina sinP
cosa 0]

A=0

A =0 - sina(-cosa sinB) — cosa (sina sinf)
A = sina cosa sinf3 — sina cosa sinf
A=0

3 2
4 1

X
X 1

Find value of x for which

3—x2=3—8:>x2=8:>x=i2\/§
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2 3 -2
Evaluate (|1 2 3| by expanding it along the second row.
-2 1 -3

2 -2
-2 -3

2 3
-2 1

1l
|
—_—

-1(-9+2)+2(-6-4)-3(2+06)
7-20-24=-37

tan(A+P) tan(B+P) tan(C+P)
Show that the value of the determinant |tan (A + Q) tan (B + Q) tan (C + Q)
tan(A+R) tan(B+R) tan(C+R)

vanishes for all values of A, B,C,P,Q & RwhereA+B+C+P+Q+R=0

After expanding the determinant

tan(A + P) tan(B + Q) tan(C + R) + tan(B + P) tan(C + Q)
tan(A + R) + tan(C + P) tan(A + Q) tan(B + R) — tan(A + R)
tan(B + Q) tan(C + P) — tan(B + R) tan(C + Q) tan(A + P)
- tan(C + R) tan(A + Q) tan(B + P) ...(M
Now " a + B + y =0 then

tanatanftany = tana + tanf + tany hence from (1)

{tan(A + P) + tan(B + Q) + tan(C + R)} + {tan(B + P) +
tan(C + Q) + tan(A + R)} + {tan(C + P) + tan(A + Q) +
tan(B + R)} — {tan(A + R) + tan(B + Q) + tan(C + P)}

- {tan(B + R) + tan(C + Q) + tan(A + P)} - {tan(C + R)

+ tan(A + Q) + tan(B + P)}

=0 Hence proved.

If elements of a row (or column) are multiplied with cofactors of any other row (or
column) then their sum is zero.



Q 2 -3 5

Find minors and cofactors of the elements of the determinant (6 0 4| and
1 5 -7

verify that a'11A31 + a12A32 + a‘13A33 = o

[13 ” O 4
SOl. for “2 M, = £ 7 =-20
A11 = M11 =-20
6 4
for “-3” M= s -46
Al2 =- M12 =46
6 0
for «5” M,,= . 30
AI3 = M13 = 30
-3 5
for “6” M, = e = -4
Ay, ==-M, =4
2 5
for “0” M,, = T 4= -19
A, =M, =~ 19
2 -3
for “4” M,, = 15 =13
A, =- M23=—’I3
-3 5
for “1” M, = 0 4~ -12
A31 = M31 =-12
2 5
for “5” M, = 6 4~ -22
A, =-M,, =22
2 -3
for“-77 M, = 6 ol 18
A, =M, = 18
now

a11A31 + a12A32 + a13A33 = 2(_12) + (_3) (22) + 5(18) = O
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Properties of Determinants

Property-1
The value of a determinant remains unaltered, if the rows and columns
are inter-changed

a, b, c, a, a, a,
—_— — _— 1
D= [a, b2 C,|= b1 b2 b3 =D
a, b3 c, C, C, C4

Note: (i) D & D' are transpose of each other.
(ii) If D' = — D then it is Skew Symmetric
(iii) The value of a skew symmetric determinant of odd order is zero.

Property-2
If any two rows (or columns) of a determinant be interchanged, the
value of determinant is changed in sign only.

a, b, «c, a, b, c,
letD=a, b, c,|&D'=|a, b, c,

a'3 b3 C3 a3 b3 CB
Then D'=-D

Property-3
If any two rows (or columns) of a determinant are identical (all
corresponding elements are same) then value of determinant is zero.

a, b, c,
Let D = |a, b1 c, then it can be verified that D = 0
a, b, c

3 3 3

Property-4
If each element of a row (or a column) of a determinant is multiplied by
a constant k, then its value gets multiplied by k.

a, b, c ka, kb, kc,
eg,lfD=a, b, c,/]andD'= |a, b, c,|thenD' =kD
a'3 b3 C3 a3 b3 C3

Property-5
If all elements of a row or column of a determinant are expressed as
sum of two (or more) terms, then the determinant can be expressed as
sum of two (or more) determinants.

a,+x b,+y c,+z a, b, c, y z
2 b, C, | =@, b, ¢ +tja, b, ¢,
3 b, Cs a; by c, a; by c,



Property-6
If, to each element of any row (or column) of a determinant, the
equimultiples of corresponding elements of other row (or column) are
added, then value of determinant remains the same i.e., the value of
determinant remains same if we apply the operation
R, = R + kR or C, - C, + kC,

a, b1 c,
Let D=J|a, b, c,| and
a, b, c

a,+ma, b,+mb, c, +mc,
D' = a, b2 c, then D'=D
a,+na, b,+nb, c;+nc,

Note:
While applying this property atleast one row (or column) must remains
unchanged

Property-7

(M Ifa=|a b c | where f(r), f(n), f,(r) are functions of r and a,

n r=1 r=1 r=1
b, c, d, e, f are constants. Then EAr = a b c
r=1 d e f

(ii) Also for A(x) =| a b c where f,(x), f,(x), f,(x) are functions

of xand a, b, c, d, e, f are constants. We have

_Tﬂ (x)dx TfQ (x)dx Tf3 (x)dx

J.A (x) dx = a
P d e f
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Property-8
If by putting x =a = D = 0 then (x — a) is a factor of D.

Without expanding prove that the value of the determinant

0 b -c
D=-b 0 a|=0
c —-a O
0 -b ¢
D'=|b 0 -a|=-D
-c a O

Hence D is skew symmetric determinant of order 3(odd) hence D = 0

1 1 1
If1 B 2|=0, find possible values of 3

1 p% 4

R,»R,-R,R, >R, - R,

0o 1-p -
=0 B(1-B) —2[=0
1 B? 4

Expand about C,
=0-0+1H{-20-P)+BO-P}=0
=0-p)(-2+p)=0

=>p=12

Evaluate A =

w N W
N NN
W W W

Taking 2 common from C, and 3 common from C,
3 11

A=2x3x (2 11
3 11

Now C, and C, are identical hence A =0



Q' 102 18 36
Evaluate | 1 3 4
177 3 6

“ o R OR -6R,
0
1 =0

W w O
o~ O

1

\‘

Q' a b c
Show that a +2x b+2y c+2z =0
X y z

o InLHs apply
R, > R, - 2R,
a b c
now [a b c/=0
Xy z

Special Determinants
(i) Symmetric Determinant

a h g
h b f| =abc + 2fgh —af? - bg? — ch?
g f ¢
(ii) Skew symmetric Determinant
0 a b
-a 0 ¢|=0
- ¢ O

(iii) Cyclic Determinants

1 1 1

(@) |la b c|=@-b)(b-c)(c-a)
a’ b? c?




(b)

(0

Proof: In LHS ¢,»C-C,C,—»>C,-C,

0 0 1
a-b b-c ¢
a?-b? b?-c? ¢?

G G
Now C, — (a—b)’ C,— (b—c)

0 0 1
@-b)(b-0c)]| 1 1 c
a+b b+c c?

Expansion about R,
=@-b)(b-c){0-0+ 1(b+c—-a-Dh)
=(@-b)(b-c)(c-a) Hence proved

T 1 1
a b cl=@-bb-c)c-a)@+b+c)
a® b ¢

Proof: InLHSC, - C -C,C, - C, - C,
0 0 1

a-b b-c ¢

a’-b®* b*-c*® ¢?

C, C,
now C.I—) (a_b), C2_) (b—C)

0 0 1
(a-b)(b-0) 1 1 c
a?+b*+ab b*+c’+bc c*

Expansion about R,

=@-b)(b-c){b>+c?>+bc-2a>-Db?-ab}
=(@-b)(b-c){c?-2a?+ b - a)

=>@-b)(b-c)(c-a)(c+a+b) Hence proved.
1 1 1

a’ b? ¢} =(@-b)(b-c)(c-a)@b+bc+ca)

a® b ¢

Proof: InLHSC, - C -C,C, - C, - C,

10.



(d)

(e)

0 0 1
a?-b? b?-c? ¢?

a®-p® pP-c* ¢

C, C,
NowC, —» ——,C, » ——
(a—b) (b—c)

0 0 1

(@a-b)(b-c) a+b b+c c?

a?+b?+ab b*+c?+bc c?

Expansion about R,
=(@-b)(b-c){@@+b)(b>+c?+bc)- (b +c) @+ b?+ ab)}

= (@a-b) (b -c){ab?+ ac? + abc + b® + bc? + b%c — ba? - b® - ab? - ca?
— cb? - abc}

= (a-b) (b - c){ac(c — a) + b(c? - a?)}

= (@-Db)(b-c)(c-a)(ac + bc + ba) Hence proved.
x+a x+b x+c

X+b x+c x+al =(@Bx+a+b+c)(@b+bc+ca-a?-b?2-c?
X+C X+a x+b

Proof: R, »R + R, + R,

3x+a+b+c 3x+a+b+c 3x+a+b+c

X+b X+cC X+a now R, — R/(Bx+a+b +c)
X+cC X+a X+b
1 1 1

Bx+a+b+c)|x+b x+c x+a
X+Cc Xx+a X+b
NowC —»C -C,C,—>C,-C,
0 0 1
Bx+a+b+c)lb-c c—a x+a
c—-a a—-b x+b

Expansion about R,
= Bx+a+b+c){@@a-b)(b-c)-(-2a)?

= Bx+a+b+c)(ab+bc+ca-a2-b?2-c? Hence proved.
a b c

b c a] =-(a%®+ b®*+c®- 3abc) <0 where a, b, c are positive

c ab

1.
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Proof: C. > C +C + C,

a+b+c b
= |b+c+a ¢ ajnowC —C/(a+b+c)
a b

Cc

c+a+b

1 b c
(@a+b+c)1 c a

1T ab
Expansion about C,

= @+ b+c){cb-2a?-(b?-ac)+ (ab - c?)}
=-(a+b+c)@+b>+c2-ab-bc-ca)<0

= -(@*+b3+c®*-3abc)<0 Hence proved.
41 1 5
Without expanding evaluate the determinant (79 7 9
28 B 3

apply C, > C, - (C, + 8C))
0O 1 5

=10 7 9=0
0O 5 3

e e bee
Without expanding show that |c?a® ca c+a|=0
a’b®> ab a+b

R, > aR, R, = bR, R, = cR,

ab’c? abc ab+ac
1
= —|bc?a? abc bc+ab

abc -
ca‘b® abc ac+bc

C,— C/(abc), C, » C,/(abc)

bc 1 ab+ac
= abclca 1 bc+ab
ab 1 ac+bc

12.



C,—>C,+C,

bc 1 ab+bc+ca
= abcijca 1 ab+bc+ca
ab 1 ab+bc+ca

C, > C,/(ab + bc + ca)

bc 1 1
= abc(ab + bc+ ca) [ca 1 1
ab 1 1

= 0 Hence proved.

2 2
Q. Without expanding evaluate the determinant (ay + a_y) (ay - a‘y) 1 where

a,b,candx,y,z € R

a® +a®+2 a®*+a -2 1

Sol a¥+a ¥ +2 a¥+a ¥ -2 1
[ ]

aZ+a®+2 a¥+a®-2 1

C,—»C-C,
4 a¥ +a > -2 1

4 a¥ +a™® -2 1
4 a®” +a -2 1

C,—>C/4

1 a®*+a®-2 1
41 a¥ +a™® -2 1=0

1 a¥%+a®-2 1

13.
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o p Y
Prove that | o> P2 Y =@=B)B=-7) =0 (a+B+y)
B+y y+oa o+P

C,—>C, -C, c,—>C,-C,

a-p  B-v v

(XQ_BQ B2_,YQ ,YQ

p-oo y-hf o+P
C,>C/(a=-P), C,>CJ/B -7

1 1 Y
=@-B)B-Na+p B+y ¥
—1 -1 o+P

R, > R, + R,
0 0 o+PB+

S(@-BB-Na+tp B+y ¥
-1 -1 o+p

expansion about R,
S@-BB-N@+p+rN{-a-p+p+y
S@-BP-7)F-a){a+p+y} Hence proved.

X +1 X X
Prove thata+0,| x x+a X | =0 represents a straight line parallel to
X x x+a®

the y-axis
c,»>C-C,C,>C,-C,
1 0] X
-a a x |=0
0 -a’ x+a?
Expansion about R,

Tlax+at+a>x) —-0+x(@% =0

al+a+al)x=-a’
2
>X= —F (constant) Hence proved.
1+a+a



Sol.

Sol.

a-b-c 2a 2a
Prove that 2b b-c-a 2b =(a+b+c)
2c 2c c—-a-b

C,»C-C,C,>C,-C,

—(a+b+c) 0 2a
(a+b+c) —(a+b+c) 2b
0 (a+b+c) c-a-b

C,»>C/(a+b+c),C,»>CJ/(a+b+c)
-1 0 2a

(@a+b+c)3 |1 - 2b
0 1 c—-a-b

Expansion about R,
= @+b+c)P[-1(-c+a+b-2b)+2a(1)]

= @+b+c) Hence proved
1+a2 —b? 2ab -2b
Evaluate | 2ab 1-a% +b? 2a
2b —2a 1-a® —b?

R, = R/2b, R, - R,/2a, R, > R,/2

1+a% -b?
—2b a -1
2 2
2a
b . 1-a%?-b?
2

C, - 2bC, C, - 2aC,, C, - 2C,

1+a? —b? 232 -2
= ﬁ-sab 2b? 1—a? +b? 2
a
2b? —2a? 1-a? —p?
R,—> R, +R, R, >R, - R,

15.




Sol.

1+a% +b? 1+a?+Db? 0
= 0 1+a% +b? 1+a?+b?
2b? —2a? 1-a? —p?
R,—» R/(1+a%+b?), R, > R/(1+a?+ b?)
1 1 0
= (1+a2+b?)? 0 1 1
2b? —2a’ 1-a’-b?

Expansion about R,
= (1+ a2+ b?)?(1 - a2 - b?+ 2a? - (-2b?)]
= (1+a%+ b?)?

21 23" 45"

n
If A =| X y z | show that ZA, = constant
2" -1 3"-1 5" -1 =1

izr—1 2i3r—1 4i5r—1
r=1 r=1 r=1
ZAF =| x y z

=1 -1 3"-1 5" -1

S G

r=1 2-1

" 1(3"—1) (3”—1)
;3r1= 3-1 2
o 1) s

257 = (5-1) !

r=1

. 2" -1 3"—1 5"—1

16.



2r —1 C. 1 .

IfA = n —1 2" n+1 where n > r > 0, then evaluate ZAr

r=0
cos? (nz) cos’n cos? (n+1)

n n n
}%2r—1 };”cr }%1
n r=i r= r=
YA =| n*-1 2" n+1
=0 cos? (n2) cos’n cos? (n + 1)
n(2ﬁ4)=22gglz—(n+1):n2—1
r=0
n
nCr — 2n
r=0
n
1=(n+1)
r=0
R n? -1 2" n+1
A =| n*-1 2" n+t1 [ =0
r=0

cos? (nQ) cos’n cos? (n + ‘I)

n! (n+1)t (n+2)!

For a fixed positive integer n if D = (n + 1)! (n + 2)! (n + 3)! then show that

(n+2)t (n+3)1 (n+4)

(o

—4 is divisible by n

R, =» R/n,, R, = R /(n+1)}, R, — R./(n+2)!

1 (n+1) (n+2)(n+1)
D=nli(n+1D(n+2)! [1 (n+2) (n+3)(n+2)
1 (n+3) (n+4)(n+3)

17.
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R,>R,-R,R, >R, - R,

3
1 (n+1) (n+2)(n+1)
D=ni(n+D'(n+2)!0 1 2(n+2) | expansion about C,
0o 1 2(n+3)

D=n!(n+ND!'(n+2){2(n+3)-2(n+2)}
D=(n)P* M+ (n+2)(n+1)x2

= (n®+ 4n? + 5n +2) x 2

(nf

—4 =2n(n? + 4n + 5) which is divisible by n

(nf

x? + x x+1 x-2
Without expanding, prove that [2x*> +3x—1 3x  3x - 3| = xA + B where A and

X2 +2x+3 2x-1 2x—1

B are determinants of 3 x 3 square matrices not involving x.

Apply R, > R, = (R, + R)

x2 + x XxX+1 x-2
-4 0 0
x2+2x+3 2x—-1 2x—1

X2 x?
now R, — R, + I R, R, > R, + TRQ

X X+1 x-2
-4 0 0 now R3 - R3 — 2R1
2x+3 2x—-1 2x -1

X X+1 x—-2
= |-4 0 0
3 -3 3

18.



X X X 0 1 =2
-4 0 O+|-4 O O
3 -3 3 3 -3 3

11 1 o 1 -2
x|-4 0 O+|-4 0 O|=xA+B
3 -3 3 [3 -3 3

If (x, = x,)* + (y, - y,)* = a?
(x, = X+ (y, = y,)* = b? and
(x, = x)*+ (y, — y,)*> = ¢? then prove that
2
Xy, 1

4, y, 1 =(@a+b+c)(btc-a)(c+ta-b)(a+b-c)
X; y; 1

Let three points in xy plane P(x, y,), Q(x,, y,) and R(x,, y,) hence
given that

PQ2=a?=PQ =2a

QR?2=b2= QR =D

RP2=c?2= RP=c

now area of APQR

A=s(s-a)(s-b)(s-o)

= A2=S(S-2a)(S-b)(S-0c)

2

X 1
1V Vi a+b+c)(b+c-a)(c+a-b)fa+b-c
Sl X2 Y2 1] =
2 « 1 2 2 2 2
3

Ys

4ix, y, 1 =(@+b+c)(b+c-a)(c+a-Db)(a+b-c) Henceproved.

19.
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a a° a'-1
If a, b, c are all differentand b b® b* —1 =0 then show that abc(ab + bc +

c ¢ c*-1

ca)=a+b+c

Given determinant is

a a’ a* a a® 1

b b® b*-b b 1=0
c c ¢ |c & 1

1 a2 a% |1 a a°
abc |1 b2 b3-1 b b3 =0

1¢2 ¢ 1ec ¢
abc(a-b)(b-c)(c-a)(ab + bc +ca) - (a-b)(b-c)(c-a)la+b+c)=0

= abc(ab+bc+ca)-(a+b+c)=0
= abc(ab + bc + ca)=(a+ b + ¢)

Prove that

(b+c)2 ba ac (b+c)2 a’ a’
ba  (c+ a)2 cb |=| b (c+ a)2 b? | = 2abc(a + b + c)?
ca cb (a it b)2 c? c? (a it b)2

C,—»>C/a,C,—»>CJ/b,C,—C,Jc

2
(b J;c) . .
2
abc b (C +ba) b
(a + b)2
c c .

20.



now R, — aR, R, = bR, R, — cR,

(b + 0)2 a2 a?

~ abc——| b2 (c + a)2 b2
abc )
c? c? (a + b)

C,»C-C,C,>C,-C,

2

(o+c+a)(b+c-a) 0 a
(o+c+a)(b-c-a) (c+a+b)(c+a-b) b’

0 (c+a+b)(c-a-b) (a+b)2
C,»>C/@@+b+c),C,»>C/(a+b+c)

b+c-a 0 a?

@+b+cllb-c—a c+a-b b?
0 c—a-b (a+b)2
R3—) R3 - (R1+ R2)

b+c-a 0 a
(@+b+c)lb-c—a c+a-b b?
2(a—b) —2a 2ab
C,—>C +C,
b+c-a 0 a

(@a+b+c)2 0 c+a-b b?
-2b -2a 2ab

C,—>aC,+C,C,—bC,+C,

2fa(b+c) @’ a?
Eif;&;fﬂ— b>  b(c+a) b
0 0 2ab

Expansion about R,

(a+b+c)2
[2abfab (b + ¢) (c + a) — a?b?}]

2(a + b + ¢)?[ab(bc + ab + c? + ac — ab)]
2abc(a + b + ¢)®

Hence proved.

21.




Determinants

Let P be a matrix of order 3 x 3 such that all the entries in P are from the set
{-1, 0, 1}. Then the maximum possible value of the determinant of P is

Let

¢

a, b,
Pl = [a, b, c,| wherea,b,c, e{-1,0,1}
a3 b3

Cs

a.b

= a1b203 + b102a3 + c1a2b3 - (a3b201 + b302a1 +cja, 1)

X y
now x<3andy>-3
but |P| cannot be 6

asifx =3 = each term of x =1 Lo
= Contradiction
and y = -3 = each termofy = —1

now next possibility |P| = 4 which is possible when a, = b, = - 1 and rest all ele-

ments =1 hence
|P| =4

max.

Product of two determinants

Method of Multiplication: (Row by column)

a, b, c, 0L, A
eg.LetA =fa, b, c,[,A,=m, m, m,

a, b, c, n, n, n,
A=AA

12

a/l,+bm +cn afl,+bm,+cn, a/l;+bm,+cn,
A=layl, + me1 +c,n, al, + me2 +Cyn, ayl,+ me3 +CyNn,

ayl, + b3m1 +cyn, ayl, + b3m2 +cgn, agl,+ b3m3 +c¢,n,

Method of multiplication: (Row by Row)
A=AA,

a/l,+bl, + cl, am + b,m, + cm, an + b,n, + c,n,
A=layl, + b2£2 +c,l, a,m, + b2m2 +c,m, a,n, + b2n2 +C,n,
ayl, +byl, +cyly, am, +b,m, +cm, azn +byn, +c,n,

22,



3.

a1€1 +a,m, +a,n, a1f2 +a,m, +a,n, a1£3 +a,m, +a,n,

Prove that

(2, =P, )2 (2, -b, )2 (2, =P )2
(2, b, )2 (2, b, )2 (2, —b, )2
(25 b, )2 (a5 b, )2 (25 b, )2

= 2(a1 - az) (az - as) (as - a1) (b1 - bz) (bz - bs) (bs - b1)

LHS is
2 2 2 2 2 2
;—2ab,+b] aj-2ab,+b; aj-2ab,+b]
2 2 2 2 2 2
5 —2ab,+by a;-2a,b, +b; aj-2a,b,+b;]
2 2 2 2 2 2
a; —2azb, +b; aj-2ab,+b; aj-2ab,+b]
2
a; —2a, 1 17 1 1
=la -2a, 1x|b, b, b,
2 2 2 2
a; —2a, 1 |b; by bj

now the above determinants

1 a, al [1 1 1
21 a, aj|xlb, b, b,
1 a, ail [b} b2 b3

= 2(3‘1 - az)(az - as) (aa - a1) (b1 - bQ) (bz - bs) (ba - b1)

Point to Remember!!!

Method of multiplication: (Column by column)
A=AA, If A, B, C, ... are respectively

the cofactors of the elements
a, b, c, ... of the determinant

A=b,/, +bm, +b,n, b/, +b,m,+bn, b/, +b,m,+b.yn,

a, b, c
c,t,+c,m +¢c;n, cl, +c,m,+cn, cly+Cc,m, +cyn, L B
A=fa, b, c,[,A#0 then
a3 b3 C3
A, B, C,
_ A2
A, B, C,|=A
A, B, C

w
w
w

23.
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a, o, +bf, aoa,+bf, ao,+bp,
Prove that a0, +b,B, a,o, +b,B, a0, +b,B,|=0
ajo, +byB, ajo, +byB, ajo, +b.f,

Given determinant can be written as

a0, +bf, +0 ao,+bp,+0 a0, +bp,+0
a,o, +b,B, +0 a,o, +b,B, +0 a,o, +b,B, +0
a,o, +byB, +0 ajo, +bB, +0 ajo, +b,B, +0

Which can be expressed as product of the following two determinants

a, b, 0 |o, o, o
, b, O[x|B, B, B;/=0 Hence proved.
a, b, 00 |0 0 o0
1 x x° x3 -1 0 x-x*
If [ x x> 1|=3 then findthevalueof | 0 x-x* x*-1
x2 1 x x-x* x*-1 0

x3 -1 0 x —x* 1 x X
given determinant hence | 0 x—-x* x*-1=|x x> 1| =32=9
x-x* x¥*-1 o0 x2 1 x

24,



1 cos (B - oc) cos (y = oc)
Express the determinant A = |cos (oc - B) 1 cos (y - B) as the prod-
cos(oc—y) cos(B—y) 1

uct of two determinants and hence show that A = 0

coso. sino. O |cosa cosP cosy
Given determinants is A = |[cosf sinf 0| x|sina sinf siny
cosy siny O 0 0 0

=0x0=0

If o, B are the roots of the equation ax*> + bx + c =0 and S_= o" + " then evaluate
3 1+S, 1+S,
1+S8, 1+S, 1+S,
1+S, 1+S, 1+S,

We know that
a+p=-Db/a
op =c/a

1+1+1  1+o +B 1+ +p°
now given determinantis [ 1+o+B 1+0? +p* 1+a’ +p°
1T+a? +p% 1+ +p° 1+a* +p*

11 1 111
1T o BIx[1 o o ={1-a)(a-p)P-NP
10> Bl 1 B P
=(-1+a+p - ap)(a + p)> - 4ap}

25.
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Which of the following values of ‘o’ satisfy the equation

(1+a) (1+20) (1+30)
(2+a) (2+20) (2+30)]=-6480

(3+a) (3+20)" (3+30)
(A) - 4 (B) 9 (C)-9 (D) 4

(BC)

Given equation

1+200+ 0% 1+4a+40> 1+60+ 90>
4+400+0° 4+8a+40% 4+1200+ 902 = 6480
9+60+0” 9+1200+40> 9+18a+ 907

1 20 o |1 1 1
4 4o o?|x[1 2 3| = - 648a

9 600 o? |14 9

111 P 11
2014 2 1x[1 2 3|=-648a
9 31 P 4 9

~20%(1-2) (2 - 3) (3 -1} = - 648a

-80¥=-6480=>a=0,0°=81=>a=%29
2 oa+B+y+0 of + yo
Evaluate o +3+ v+ 0 2(0(+B)(y+8) (xB(y+8)+y8(oc+[3)
of + Yo 0c[3(7+8)+(0c+[3)78 20,80
1 10 |1 («+B) op
(v+8) (a+B) Ox[1 (y+8) 18|=0
Yo aof O |0 0 0
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System of linear equations
ax+by+cz=d,
ax+by+cz=d
ax+by+cz=d,
For example x = 3, y = 3 and z = 6 is the solution of the system of
equations

bx — 6y +3z =15

X+ 4y — 2z = 21

2x +y+ 6z =45

2

Solution of a system of linear equations (theorem: cramer’s rule)
The solution of the system of linear equations

ax+by+cz=d, ... (i)
ax+by+cz=d, ... (i)
ax+by+cz=d, ... (i)
L D, D, D, .
is given by x=—,y=—= and z = — provided that D# 0
D D D
a'1 b1 1 d1 b1 C1
where D=a, b, c, D,=|d, b, c,
a'3 b3 C3 d3 b3 C3
a1 d‘l 1 1 b'l d1
D,=fa, d, ¢, D,=1la, b, d,
a3 d3 C3 a3 b3 d3

System of homogeneous linear equations

ax+by+cz=0 ...(i)

ax+by+cz=0 ...(ii)

ax+by+cz=0 ...(iii)
Summary

(i) If D=0, then given system of equations has only trivial solution and
the number of solutions in this case is one.

(ii) If D =0, then given system of equations has nontrivial solution as well
as trivial solution and the number of solutions in this case is infinite

Special case
When D = D, = D, = D, = 0 = no solution or infinite many solution
eg. x+y+z=1,x+y+z=2and x+y+ z =3 has no solution since all
are parallel planes.
eg. x +y+z=12x+ 2y + 2z = 2 and 3x + 3y + 3z = 3 has infinite
solutions since all plane coincides
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Solve by cramer’s rule
x+y+z=6
X-y+z=2
3x+2y-4z=-5

w
N
|
N
|
o1
N
|
o

1T 6 1 17 1 6
D,=11T 2 1]|=28, D,=(1 -1 2|=42
3 -5 4 3 2 -5
D D D
X:—1:1’y:—2:2,22—3:3
D D D

For what value of p and q, the system of equation
2x+py+6z=8

X+2y+qz=5

x+y+ 3z=4has

(i) no solution

(ii) a unique solution

(iii) infinitely many solutions.

=(2-p)(B-0)

O

1l
_ N
- N ©
w o o

D,=15 2 q=(p-2) (49 - 15)

28.



(i) D=0, atleastone D,#0 = p#2,q=3
(i'D£0=>p=2,9=3
(ii)D=0&D,=0=p=2,qgeR (. all planes are not parallel)

If x, y, z are not all zero such that
ax+y+z=0
x+by+z=0
x+y+cz=0

then prove that ! + ! + ! =1
1-a 1-b 1-c

O
1
- a
_ O =

1
1=0
c

R,»> R, -R,R, >R, - R,

;
a-11-b 0
O b-1 1-c/=0
1 1 c
expand about R,
=@-ND{cb-1)-00-c)}-0-b){-0-¢c)}=0
=>cl-a(@-b+@0-a@0-c)+@0-b)@1-c)=0
c 1 1
+ +
1-c 1-b 1-a
1 1 1
= + +
1-a 1-b 1-c

=0

=1

If sinq = cosq and x, y, z satisfy the equations

xcosp — y sinp + z = cosq + 1

xsinp +y cosp + z =1 - sinq

xcos(p + q) — ysin(p + q) + z = 2 then find the value of x? + y? + 22

X cCosp — y sinp + z = cosq + 1 (D)

X sinp +y cosp +z =1 - sinqg ..(i)
xcos(p+q)-ysin(p+q)+z=2 ... (iii)
(i) x cosq — (ii) x sinq

x cos(p + q) — ysin(p + q) + z(cosq — sing) =1 + (cosq - sinQ) ...>Iv)

29.
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(iv) — (i)

z(cosqg - sing - 1) = (cosq - sing - 1)

=>z=1
from (i) x cosp — y sinp = cosq (V)
from (ii) x sinp + y cosp = - sinq ...(vi)

(V)2 + (Vi =>x2+y? =
Hence x2 + y2 + z2 =2

Investigate for what values of A, u the simultaneous equations
xX+y+z=6

x+2y+3z=10

X + 2y + Az = u have

(a) A unique solution

(b) An infinite number of solutions

(c) No solution

20+ pu —-16

O
1
—
o
N
> W
1l

O
Il
-—
5]
w
Il

2020 — u + 4)

171 6

D.=1 2 10| = (u - 10)

T2

(i) DO0O=A1r=#3

(i) D=0&D,=0=1=3,u=10

(iii) D=0 & atleastone D, #0 =1 =3, u#10
(. all planes are not parallel)
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Q- For what values of p, the equations:
x+y+z=1
x+2y+4z=p and
X + 4y + 10z = p? have a solution?
Solve them completely in each case.

11 1
. D=[12 4]=0
1 4 10
1 1 1
D,=|p 2 4/=2(p -0 -2)
p> 4 10
11 1
D=1 p 4] =-3p-0(-2
1 p? 10
11 1
D,=11T2 pl=(p-DP-2)
1 4 p?
system have infinite solution for p =1, 2
forp=1 = X+y+z=1 ...(1)
X+2y+4z =1 ...(2)

2)-N)=>y+3z=0=>y=-3z
=>x=1+ 2z
x,y,2) =01+ 2z, - 3z, 2); ZeR

forp=2= X+y+z=1 ..(M)
X+2y+4z=2 ...(2)
2)-N=>y+3z=1=>y=1-3z
X =2z

x,v,2) = (22,1 - 3z, 2); ZeR
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Sol.

Solve the equations:

kx+ 2y -2z=1

4x +2ky -z=2

6x+6y+kz=3

Considering specially the case when k = 2

k 2 -2
D=4 2k -1
6 6 k

1 2 -2
D, =[2 2 -1
3 6 k
=2(k2+4k—12)
=2(k—2)(k+6)
k 1 -2
D,= |4 2 -1
6 3 k
= (2k + 3) (k - 2)
k 2 1
D,= |4 2k 2
6 6 3
=6(k — 2)?
when k # 2 then
__k+6 _ 2k+3 ~ 3(k-2)
K242k +15 2(k2+2k+15)’ (k2+2k+15)
when k =2 then 2x +2y — 2z =1 ...(1)
6x + 6y + 2z =3 ...(2)
(2)—(1)X3:>z=0,y=1_22x

x,y, 2) = (x,%,oj VxeR
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The system of equations

ox+y+z=a-1

Xtoyt+tz=oa-1

x+ty+toz=a-1

has infinite solutions, if o is

(A) - 2 (B) either — 2 or 1 (C) not 1 (D) 1

(D)

a 1 1
D=1{1 o 1 =(@-1?(+2)
1T 1 o

for infinite solution D =0 = a =1, -2
for o =1 all equations are identical = infinite solutions

for o = — 2 equations are
-2x+y+z=-3 (1)
X—2y+z=-3 ..(2)
X+y-2z=-3 ...(3)

(1) +(2) + (3) = 0 = — 9 No solution

5 5aa o
LetA= 0 o 5aflf]|A?] =25 then |o| equals.
0O O 5
(A) % (B) 5 (C) 25 (D) 1
(A)
|A] = 250 also

|A?| = 25 = |A]2 = 25
(25a)? = 25 = 2502 = 1
1

ol = —
|o :
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Let a, b, c be any real numbers. Suppose that there are real numbers x, y, z not
all zero such that x = cy + bz, y = az + cx and z = bx + ay then a? + b? + ¢2 + 2abc

is equal to
(A) 2 (B) 1 (C) Zero (D) 3

(B)

Given equations are

X—-cy—-bz=0

cx—-y+az=0

bx+ay-z=0

the system have non-trivial solution hence

D=0

1 ¢ -b

c -1 a|=0
b a -

11 - a?) + c(-c - ab) — b(ac + b) =0
= -a’-Db?-c?-2abc+1=0
= a2+ b?+ c?+ 2abc =1

The number of values of k for which the linear equation
4x+ky+2z= 0

kx+4y+z=0

and 2x + 2y + z = 0 posses a non-zero solution is

(A) 2 (B) 1 (C) Zero
(A)

for non-zero solution D = 0

4 k 2

k 4 1=0

2 2 1

42) -k (k-2)+2(2k-8)=0

=8-k?+2k+4k-16=0

= k?-6k+8=0
(k=2)(k-4)=0= k=2, 4 (two values)

(D) 3
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If the system of linear equations
X—-4y+7z=¢g

3y-5z=h
— 2x + 5y — 9z = k is consistent then
(A)g+h+k=0 B)2g+h+k=0
(C)g+h+2k=0 (D)g+2h+k=0
(B)

1 -4 7
D=|0 3 -5=0

-2 5 -9
so for the system to be consistent D, =D, =D, =0

g -4 7
D,=lh 3 -5 =g(-2) - h() -k() =0

k 5 -9

=>28+h+k=0

1 g 7
D,=|0 h -5 =1(-9h + 5k) — 2(-5g¢ - 7h) = 0

-2 k -9

=>28+h+k=0

1 -4 ¢
D,=|0 3 h =1(@3k-5h)-2(-4h-3g) =0

-2 5 k

=2¢+h+k=0

The values of 1 and . for which the system of linear equations
xt+y+z=2
xX+2y+3z=5
x+3y+iz=p

has infinitely many solutions are, respectively

(A) 6 to 8 (B) 5and 8 (C)5and 7 (D) 4 and 9

(B)

for infinite solutions D = D,=D,=D,=0
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O

Il
—_— A
W N =
S W =

1

o

= (22 -9)-(A-3)+(1)=0

O
1
o o
W N =
= anN
Il
o

= (2u-15)-(u-5)+2(1)=0

=>u=38

The system of linear equations
X+\Ay-2z=0

AX=-y=-2z=0

X +y = Az = 0 has a non-trivial solution for:
(A) Infinitely many value of A

(B) Exactly one value of )

(C) Exactly two values of )

(D) Exactly three values of i

(D)

For non-trivial solution
D=0

1T A -

A -1 /=0

11 A

M+ =A==+ -1A+1)=0
=S>A+1T+A-A-A-1=0
=>AB-A=0=>Ai=-1,0,1
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b

]
Let S be the set of all column matrices | b, |such that b, b,, b.cR and the

b

3
system of equations (in real variables)

-x+2y+5z=h,

2x -4y +3z=bh,

X=-2y+2z=h,

has atleast one solution. Then which of the following system(s) (in real varia-
b

)
bles) has (have) atleast one solution of each |b, |eS ?

b

(A)x+2y+3z=b,4y+5z=b,and x+ 2y + 6z =b,
(B)x+y+3z=b,5x+2y+6z=hb,and -2x -y - 3z = b,
(C)-x+2y-5z=b,2x -4y +10z=b,and x -2y + 5z = b,
(D)x+2y+5z=b,2x+3z=b,andx+ 4y -5z=b,

2

(ACD)
for given system D = 0 hence for atleast one solution
D,=D,=D,=0=b, +7b,=13b, ...(1)
option (A) D # 0 = unique solution
option (D) D # 0 = unique solution
option (C) D = 0 now equations are
Xx-2y+5z=-b
X—-2y+5z=>b,/2
X—-2y+5z=bh,

which can be consistent only if
b

_b1=?2

b, = k(let)

— b, =-kb,=2k b, =k

37.
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put in (1)
b1

(=k) + 7(2k) = 13(k) which is true V k € R hence for every element |b, | this
b

3
system will have atleast one solution
option (D)

D=0,D,=0butD,=3(b, + b, +3b,) from (1) we can say that one of the set of
values

(b,, b,, b,) can be (7, -1, 0) but for this set D, # 0 hence system will not have any
solution
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